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Abstract 


This  work  was  initiated  by  a  need  for  solutions  to  a  higher  order 
shear  deformation  plate  theory,  which  can  better  approximate  the 
through-the-thickness  deformation  and  interlaminar  shear  stresses,  using 
plates  with  boundary  conditions  other  than  simply  supported.  The 
non-s imply  supported  boundary  conditons  necessitated  the  use  of  an 
approximate  technique,  namely,  the  Galerkin  technique.  Solutions 
desired  were  natural  frequencies  and  buckling  loads.  Boundary 
conditions  considered  were:  simply  supported,  clamped,  and  clamped  - 
simply  supported.  Two  graphite/epoxy  laminates  of  different 
construction  were  investigated  for  effects  of  varying  span-to-depth 
ratios.  Comparisons  of  the  higher  order  theory  with  linear  shear  theory 
and  classical  laminated  plate  theory  were  made  along  with  convergence 
characteristics  of  the  Galerkin  technique. 


I . Introduction 


Background 

Laminated  composite  materials  are  now  commonplace  on  aerospace 
vehicles.  The  high  specific  strength  and  stiffness  of  composites  is 
ideally  suited  to  weight  critical  aerospace  structures.  The 
tailorability  of  composites  gives  the  designer  choices  previously 
unavailible  with  isotropic  materials. 

Classical  laminated  plate  theory  does  not  accurately  predict 
deflections  and  natural  frequencies  of  thick  composite  plates.  A  part 
of  the  problem  lies  in  the  fact  that  the  classical  laminated  plate 
theory  omits  transverse  shear  strains.  This  results  in  an 
underprediction  of  deflections  and  overprediction  of  natural  frequencies 
and  buckling  loads.  These  errors  are  further  compounded  by  the  high 
ratios  of  elastic  modulus  to  shear  modulus  of  most  composite  materials. 

The  inclusion  of  transverse  shear  strains  into  plate  theories 
have  been  performed  by  many  authors  [1-5].  These  theories  use 

displacement  fields  which  account  for  a  linear  or  higher  order  variation 
of  midplane  displacement  through  the  thickness.  Hindi in’s  theory  [Ij  is 
a  two  dimensional  linear  approach  wherein  the  change  in  displacement  is 
a  result  of  a  rotation  due  to  bending  and  a  rotation  due  to  shear 
deformation.  Reissner  introduced  a  similar  theory  [2].  The 

aforementioned  theories  violate  conditions  of  zero  transverse  shear 
stress  on  the  upper  and  lower  surfaces  of  the  plate.  The  theories  also 
assume  zero  warping  of  the  cross  section  due  to  shear  and  require 
corrections  to  the  transverse  shear  stiffnesses.  In  general,  three 
dimensional  theories  are  complex  to  apply,  such  as  those  given  by  [6) 
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and  [ 7 ] . 

Several  higher  order  theories  have  been  developed  to  include  a 
parabolic  variation  of  the  transverse  shear  strain  through  the 
thickness.  With  such  a  theory,  no  shear  correction  coefficients  are 
needed.  Theories  presented  by  Levinson  [8]  and  Murthy  [9]  use  different 
displacement  fields,  but  both  use  the  first  order  shear  displacement 
theory  equilibrium  equations.  This  approach  is  variationally 
inconsistent.  A  theory  which  uses  the  same  displacement  field  as 
Levinson  but  contains  equilibrium  equations  based  on  the  principle  of 
virtual  displacements  was  proposed  by  Reddy  [10]. 

Reddy's  other  related  papers  [11]  and  [12]  consider  stability  and 
natural  vibration  of  laminated  plates  using  the  finite  element  method 
and  the  Navier  solution  procedure.  These  papers  only  consider  laminated 
plates  with  boundaries  that  are  simply  supported. 

Therefore,  an  alternate  method  is  required  to  obtain  solutions 
for  plates  with  boundary  conditions  other  than  simply  supported  using 
Reddy’s  variationally  consistent  higher  order  shear  displacement  theory. 
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Objectives 

This  thesis  will  apply  a  higher  order  shear  deformation  theory  to 
two  different  symmetrically  laminated  square  plates.  Natural 
frequencies  and  buckling  loads  will  be  found  for  the  following  three 
boundary  conditions:  simply  supported  on  all  four  edges;  clamped  on  all 
four  edges;  simply  supported  on  two  opposite  sides,  clamped  on  the  other 
two  sides.  Various  span-to-depth  ratios  will  be  chosen  to  investigate 
their  effects.  Results  from  the  higher  order  theory  wil  be  compared 
with  linear  shear  deformation  theory  which  will  incorporate  one 
transverse  shear  stiffness  correction  coefficient  and  rotatory  inertia. 
Comparisons  will  also  be  made  with  findings  from  classical  laminated 
plate  theory. 
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Approach 

This  thesis  will  use  the  higher  order  shear  deformation  theory 
developed  by  Reddy.  Complete  equations  of  motion  will  be  derived  using 
Hamilton’s  principle  beginning  with  Reddy’s  displacement  field.  The 
Galerkin  technique  will  be  applied  to  the  resulting  differential 
equations  for  the  three  boundary  conditions  mentioned  in  the  objectives. 
Admissible  functions  for  each  boundary  condition  will  be  chosen  and  the 
Galerkin  procedure  will  be  carried  out.  The  resulting  equations  will  be 
programmed  into  a  Galerkin  algorithm  to  generate  the  stiffness  and  mass 
matricies.  An  eigenvalue  problem  will  result  for  each  boundary 
condition  and  will  be  solved  using  another  computer  program.  Natural 
frequencies  and  buckling  loads  will  be  products  of  this  program. 
Convergence  characteristics  of  the  Galerkin  solution  technique  are  to  be 
investigated. 
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1 1 .Theory  and  Modeling 

The  theory  intrinsic  to  this  thesis  will  begin  with  introductory 
material  on  the  constitutive  equations  governing  laminated  plates. 
Following  that  development,  the  kinematics  of  the  higher  order  plate 
theory  will  be  introduced.  Variations  from  linear  theory  kinematics 
will  be  noted.  Next,  Hamilton’s  principle  will  be  used  to  derive  the 
equations  of  motion.  The  equations  of  motion  will  then  be  normalized 
and  the  Galerkin  approximate  solution  technique  invoked. 

Constitutive  Equations 

Because  of  the  inherent  anisotropy  of  composite  materials,  a 
coordinate  system  must  be  defined  to  give  a  reference  between  fiber 
direction  and  plate  axes.  The  x  and  y  directions  will  denote  plate 
axes,  while  the  1  direction  will  lie  along  the  fiber  axis  and  the  2 
direction  will  lie  transverse  to  the  fibers  as  seen  in  Figure  2.1. 


Figure  2.1  Coo»‘dinate  System  Definition 


With  the  above  defined  coodinate  systea,  the  constitutive 
equations  nay  be  written  as 


where  the  1,  2,  and  3  subscripts  denote  noraai  stresses  and  strains  and 
the  4,  5,  and  6  subscripts  denote  shear  stresses  and  strains.  The  S,^ 
■atrix  is  referred  to  as  the  coapliance  aatrix.  The  developaent  of  the 
coapiiance  aatrix  aay  be  found  in  [13].  Eq. (1)  can  be  inverted  to  give 


where  Q|j  are  the  reduced  stiffnesses.  Relations  between  ^sj  and 
can  also  be  found  in  [13]. 

In  order  to  work  in  the  plate  axes,  the  stiffnesses  aust  be 
resolved  into  x  and  y  coaponents.  The  stiffness  aatrix  aust  undergo  a 
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tensor  transforaation  as  follows 


where 
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and  b=cos6  and  n=aind.  Thus,  the  constitutive  relation  in  plate  axes  Is 
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(5) 


For  thin  iaainates,  an  assuaption  of  plane  stress  is  valid.  A 
plane  stress  state  exists  when  <7^  is  saall  coapared  to  <7^  and  Thus, 
we  will  set  <7^=0  and  reaove  it  froa  Eq.(5).  Therefore 


a  sOsQ'c  -fO'e  *  Q’  £  i-  Q’  e 

3  ^t3  t  ^23  2  ^33  3  ^36  6 


(6) 


Strain  through  the  thickness,  c^,  aay  be  found  by  rearranging  Eq.(6)  to 
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yield 


e  =  (  Q’  /O’  )e  +  ( 
3  '  ^13  '  ^33  1 

Q’ 

^23 

/  Q’ 

'  ^33 

>^2 

+  (  Q’ 

^36 

/  0’  )f 
'  ’33  6 

(7) 

Because  of  plane  atreaa, 

[«'] 

is  now  a  5 

X  5 

matrix 

and  is  called 

[«]• 

the  transformed  reduced  stiffness  matrix, 

which  is 
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where 


“  ^11^08^6  ♦  2(Q^2+2Qgg)sin^0co8^0  + 

®16  =  «Jit-<J,2-2Q66)*inecO8^0  ♦  (Qj2-Q22*2‘966^®^"^®‘'°®® 

®22  *  ♦  2(Q^2+2Qg5)8in^0co8^0  ♦  Q22C08^9 
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(9) 


and 
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Q  =  E  /  ( 1-1^  M  ) 

/  V  1  12  21 


‘12 


E  /  (1-t^  E  /  ( ) 

122  1221  211  122l' 
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( 101 
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m  23 

Q  =  G 

31 
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where  E^  is  the  longitudinal  aodulus,  E^  the  transverse  aoduius, 
are  Poisson’s  ratios,  and  G^^,  G^^  **’®  shear  aoduli. 

The  constitutive  equations  in  final  fora  are  therefore 


(11) 


(12) 


where  the  transverse  shear  terms  0^  and  <7^  have  been  separated  out  from 
the  inpiane  coaponenta. 


Kinematics 

The  kinematics  to  be  used  in  this  thesis  are  those  developed  by 
Reddy  flO).  Reddy’s  approach  was  to  chose  a  displacement  field  with 
special  properties  that  would  satisfy  conditions  of  the  transverse  shear 
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stresses  being  zero  on  the  surface  and  non-zero  through  the  thickness. 
A  displacenent  field  that  meets  those  conditions  is 

u(x,y,z,t)  =  u  (x,y,t)  +  zW  (x,y,t)  +  z^C  {x,y,t)  +  z^C  (x,y,t) 

1  O  X  X  X 

u,(x,y,z,t)  =  v^(x,y,t)  +  zV^(x,y,t)  +  z^^^(x,y,t)  +  z^Cy(x,y,t)  (13) 

u^{x,y,t)  =  w(x,y,t) 

where  u^ ,  ,  and  w  are  displacements  of  the  plate’s  midplane  at  a  point 

(x,y).  u^  and  are  inplane  displacements  parallel  to  the  x  and  y  axes 
respectively.  Out  of  plane  displacements  are  given  by  w.  and  tp  are 

X  y 

bending  rotations  of  the  normals  to  the  midplane  about  the  y  and  x  axes 
respectively.  ^  ^  ,  C  i  and  C  are  undetermined  functions  and  all 

)f  y  X  y 

variables  are  functions  of  time.  Functions  C  «  ^  <  C  •  and  C  are 

X  ’y  X  y 

determined  by  satisfying  zero  transverse  shear  stresses  at  the  top  and 
bottom  surfaces,  i.e. 


<^5(x,y,±h/2,t)  =  0 


a^(x,y,±h/2,t)  =0  ( 14  ) 


The  transverse  shear  strains  are,  using  Eq.(13)  and 
infinitesimal  linear  strain  theory 


+  u,,  =  V  +  2zC  +  3z^C  +  w, 

z  3x  X  X  X  X 

♦  U,,  =  V  +  2z5  +  3z^C  *  W» 

3y  y  y  y  y 


(15) 


where  the  comma  denotes  partial  differentiation.  Setting  s  0  on 

the  plate  surface  in  the  transverse  shear  constitutive  equation 


10 


(Eq. ( 12) )  we  obtain 


>  = 


'44 


Q 


4S 


45 


55 


(16) 


also 


(17) 


or 


€ 

4 


-Q 


45 


/  Q  )  e 


For  orthotropic  plates  •  0,  and  the  strains  are  autonatically 

zero.  Otherwise,  is  nonzero.  For  non-orthotropic  plates  we  will 
set  s  s  0  at  the  top  and  bottoa  surfaces  because  there  is  no 
traction  applied  there.  Thus,  with  Cg(x,y,th/2)  *  e^(x,y,th/2)  =  0  we 
have  froB  Eq.(15) 


?  a  0  ;  5*0 

jc  y 

a  -4/3h^  <  "’x  ♦  ^  >  5  ^y  =  <  ’^’y  *  ’'’y  ’ 

Substituting  Eq.(19)  into  our  original  displaceaent  field  Eq.(13),  the 
desired  displaceaent  field  is  obtained.  Thus 


ll 


u,  =  u  +  z 

1  o  X 


4/3  (  z/h  ) 


“  (  W  +  w,  ) 

X  X 


V  +  Z 

o 


4/3  (  Z/h  )  (  V  +  w,  ) 

y  y 

i 


-  w 


This  displace*ent  field  reseables  those  ^iven  for  other 
transverse  shear  theories.  In  most  linear  theories,  the  second  term 
within  the  square  brackets  does  not  appear.  However,  the  dependent 
variables  are  the  same  as  the  linear  theories.  Compared  with  other 
higher  order  theories,  the  displacement  field  is  identical  to  Levinson’s 
[8]  (with  the  exception  of  inplane  displacements)  but  different  from 
Murthy’s  [9]. 

Using  infinitesimal  linear  strain-displacement  relations  and 
Eq.(20),  we  find  the  strains  to  be 


0  ,0  2  2, 

♦  z  (  ♦  z  ) 

Cj,  =  *  z  (  ) 

0  2  2 

e  =  e  ♦  z  X 

4  4  4 

0  2  2 

s  =  s  *  *  ^ 

0  ,  0  2  2, 

s  =  s  ♦  *  <  %  *  *  ^  > 

where 


0 

S  =  “o’x 

f 

0 

X  =  V  , 

1  ~X  '  X 

0 

"2  "  '^O’y 

1 

0 

X  a  , 

2  y  y 

X,  =  -4/,.  2  (  V  ,  +  w,  ) 

1  ' 3h  XX  XX 

=  -4/-.  2  (  V>  ,  ♦  w, 

2  ' 3h  y  y  yy 
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e  =  V  +  w, 
Ayr 


=  </>  +  W, 

5  X  X 


e  =  u  ,  +  V  , 

6  0  y  Ox 


;  =  -4/,  2  (  +  w,  ) 

*  n  y  y 

yl  =  -4/  2  (  V)  +  w, 

^  n  X  X 


6  X  y  y  X 


22) 


(  V  .  +  V  ,  +  2w, 

o  Jn  X  y  y  X  xy 


The  transverse  shear  strains  are  seen  to  be 


c  =  i<>  +  w,  +  {-4/h^ )  m>  +  w,  )  =  (1-4/h^  z^)  (V  +  w,  )  =  y 

^  y  y  y  y  _  y  y  yz 

e  =  V  +  w,  +  z^(-4/h^)(V  +  w,  )  =  (1-4/h^  z^)  (4>  +  w,  )  =  y  (23) 

^  X  X  XX  _  X  X  X  z 


The  underlined  quantities  indicate  tens  not  present  in  linear  shear 
deforsation  theory.  Eqs.{23)  illustrate  the  parabolic  variation  of  the 
shear  strains  through  the  thickness  of  the  plate.  The  strains  are  seen 
to  be  zero  on  the  bottoa  and  top  surfaces  of  the  plate  (zs-h/2  and  z=h/2 
respectively).  Figure  2.2  shows  the  relationship  between  ,  w,^,  and 
y  for  the  linear  theory. 

X  Z 


Z 


Figure  2.2  Shear  Deforaation  Definition 
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The  higher  theory  can  be  shown  to  degenerate  to  the  linear 
theory.  Froa  [10],  the  average  shear  force  per  unit  length  on  an  edge 
perpendicular  to  the  x  axis  is  shown  as 


5  a vg 


dz 


(24) 


Using  Eqs.(12)  and  (23)  in  Eq.{24)  we  obtain 


p  h/2  r 

(QJ  =  V,  I  (1-4/h^  z^)dz 

5  avq  2  J 

^  -h/2 


"  z^)dzl  +  W.J+  + 


(25) 


After  integration  Eq.(25)  becomes 


=  5/6  h  [  9 


(26) 


or 


•  5/®  [  *«<*.  *  “'x'*  *  "■»>]  '”1 

Thus  a  transverse  shear  correction  coefficient  of  5/6  results.  This 
coefficient  is  used  to  aodify  the  stiffness  teras  to  account  for  zero 
warping  of  the  aidplane  normals.  The  higher  order  theory  gives  a 
parabolic  variation  through  the  thickness  which  allows  warping  and  thus 
does  not  require  a  correction  coefficient. 
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The  equations  of  notion  will  now  be  developed  in  a  variationally 


consistent  Banner  using  Haailton’s  principle.  HaBilton’s  principle 
states  that  "among  all  dynamic  paths  that  satisfy  the  boundary 
conditions  over  the  boundary  surface  at  all  tines  and  that  start  and  end 
with  the  actual  values  at  two  arbitrary  instants  of  tine  t^  and  t^  at 
every  point  in  the  body,  the  "actual"  dynamic  path  is  distinguished  by 
making  the  Lagrangian  function  an  extremum."  [14]  The  Lagrangian 
function  is  given  as 

L=T-V-U  (28) 


Hamilton’s  principle  is  therefore 


6f^(T-V-U)dt=0 

i 


(29) 


where  T  is  the  kinetic  energy,  V  is  the  potential  energy  due  to  external 
forces,  and  U  is  the  strain  energy.  The  6  symbol  denotes  the  first 
variation.  For  rigid  body  dynamics  U  is  zero  and  for  statics  T  is  zero. 
Hamilton’s  principle  (Eq.(29))  may  be  rewritten  to  give 


(  6T  -  6V  -  6U  )  dt  =  0 


(30) 


Derivations  for  the  first  variation  of  kinetic  energy,  potential  energy 


15 


due  to  external  forces,  and  strain  energy  are  ?iven  separately  in  the 
following  subparagraphs. 

Kinetic  Energy  The  kinetic  energy  is  given  in  [151  as 


T 


u.  u  dz  dx  dy 

1  I 


(31) 


where  the  *  syabol  indicates  a  derivative  with  respect  to  tiae  and  p  is 
the  aaterial  density.  Rewriting  Eq.{31) 


V3  III 


h/2 


h/2 


(  P  +  P  (“2^^  ^  ^  *** 


(32) 


After  substituting  our  assuaed  diaplaceaent  field  Eq.(20)  and  defining 
the  plate  inertias  to  be 

p  2  3  <  S 

•h/2 

=  Ij  -  (W)  I,  ;  I5  *  I,  -  I7  1331 

2  < 

I3  s  I3  -  (8/3h  )  I5  ♦  (16/9h  ) 


Eq.(32)  becoaes 
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T  =  V 


2  jJ  I  *  Wo  "  -  2(4/3h^I^w,^u^  -  2(4/3h^r^w,^W^ 

(4/3h")"l^w,^  +  ♦  ^r^Vo  -  2(4/3h")I^w,^v^ 


2(4/3h^I^w,^Vy  +  (4/3h^^I^w,^  +  I  dxdy 


If  one  carrys  out  the  variation  operation,  the  result  is 


o  ■*■  “  ^4/3h  )I  w,  )  6u 

o  2  X  A  X  o 


*  <  I,v  +  I  w  -  (4/3h^)I  w,  )  6v 

1  o  2  y  <  y  < 


♦  (  -(4/3h^)I^il^  -  {4/3h^)r5i^  t  (4/3h^)^I^w,^  )  6w, 
+  (  -(4/3h^)I^v^  -  (4/3h^)l5iy  +  (4/3h^)^I^w,  )  6w, 


+  (  Lu^  ♦  -  {4/3h^)T.w,  )  ei 

6  O  3  X  9  X  X 


+  {  12^^  +  IgVy  -  (4/3h  )l5’*»y  )  +  (  I^w  )  6w  >  dx  dy 


We  now  integrate  Eq.(35)  by  parts  and  choose  a  plate  coordinate  systea 
as  shown  in  Figure  2.3 


♦  I,V  -  (4/3h^)rw,  )  5u 

o  c  X  ^  X  0 


+  {  +  I^Vy  -  (4/3h  )I^w,^  )  6v^ 
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2  - 
O  U  \  T 


2.2, 


f  (  (4/3h  )I  u  +  (4/ah  )IP  -  (4/3h  )  I  w,  +  (4/3h  )I  v 

4o,x  5x,x  7xx  4o, 


+  (4/3h^)I^((>  -  {4/3h^)^I  w,  +  I  w  )  5w 

S  y,y  7  yy  t 


(  I,U  +  r  IP  -  (4/3h  )I^w,  )  6ip 

2  o  3  X  S  X  X 


*(  I  V  +  I  IP  -  (4/3h^)I  w,  )  6|p  I  dxdy 

2o3y  5y 

+  f  I  -(4/3h^)I  u  -  (4/3h^)L Ip  +  (4/3h^)^I  w,  \  5w 

Jq  I  ^  o  5  X  7  X  J 

+  f  j  (4/3h^)I  V  +  (4/3h^)Lip  -  (4/3h^)^I  w,  1  6w 


dy 


dx  (36) 


Figure  2.3  Plate  Coordinate  Systea 


Because  we  will  not  deal  with  tiae  dependant  boundaries,  the  last  two 
integrals  of  Eq.(36)  aay  be  eliainated.  Thus 


^  iz^x  -  H/3h^)i^;.^ 


5u 

o 
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+  (  I  V  +  r  -  (4/3h^)I  W.  )  5v 

1  o  2  y  <  i  o 

+  (  (4/3h^)r  u  +  |4/3h^L V  -  (4/3h^)^I  w,  +  (4/3h^I  v 

<o,x  5x,x  7xx  ^o,y 

+  (4/3h^)L V  -  {4/3h^)^I  w,  +  I  w  )  6w 

5  y,y  7  ’yy  \ 

(  Lu  +  r^i/i  -  (4/3h^)I  w,  )  6v 

2  o  3  x  5  X  X 

+  (  T,v  +  IV  -  (4/3h^)I,w,  )  6v  >  dxdy  (37) 

2o3y  5y  y  j  ' 

Potential  Energy  The  potential  energy  due  to  external  forces  is 
given  by 


•  V,  JJ  { s,(.. 

R 


+  N2<«.y)^  ♦  2  Ng  w 


.  w,  y 
X  y  J 


dxdy  (38) 


where  N,«  N. ,  and  S,  are  inplane  coipression  and  shear  forces.  A 
unifora  lateral  load  q  will  not  be  considered.  Taking  the  first 
variation  of  Eq.(38)  we  have 


5V 


V.  JJ  { 

B 


♦  2N-W,  )5w,  ♦  (2N_w,  ♦  2N.W,  )6w,  >  dxdy  (39) 

X  «  y  x  2  y  $  x  yj 


Integrating  by  parts  using 


JJ 


g  ««,.  dxdy  = 

X 


-JJ  **  sf 


ap 

aw, 


dxdy  ♦  J  nj  «»  dr 


(40) 
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where  F  represents  the  boundary  and  n.  is  the  coaponent  noraai  to  the 
boundary,  Eq.{39)  becoaes 


Using  the  plate  diaensions  of  Figure  2.3  and  expanding  the  boundary 
integrals  by  aarching  counterclockwise  around  the  plate  (starting  at  the 
origin  and  progressing  down  the  x  axis),  we  obtain 


6V 


0  0 


-N.w,  -N,w,  -2  N,w 

t  X*  2  yy  6 


’«y  } 


6w  dxdy 


^  J  I  *  V’ 


5w 


-  -  N,».^ 


5w  dx  ( 42 ) 


Strain  Energy  For  a  linear  elastic  aaterial  in  a  state  of  plane 
stress,  the  strain  energy  aay  be  written  as 


R 


1  rrr 


(43) 


With  o  =  E  e  we  have 

I  L 
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h  /  2 

^  ■  '^2  III  ^  *  ^’2  ^  ^  *  ^^6  *  dzdxdy 

R 


(44) 


Performing  the  first  variation  operation,  one  obtains 


'5U  =  JJJ  (  Ee^6e^  +  Ee25«^2  *  '  ‘^^dxdy  (45) 


or 


5u  =  JJJ  (  +  ^2^^ 2  *  ^  ‘l2dxdy  (46) 

_  •  h  /  2 


Substituting  strains  from  Eq.(21)  into  Eq.(46)  we  obtain 


=  in 

R 


h/2  f 
-h/2 


♦  Z(X®  +  Z^xJ))  + 


+  ♦  <^55{e°  +  z(Xg  +  f  dzdxdy  (47) 


We  next  integrate  Eq.(47)  with  respect  to  z 


5u  =  I  M  t  M^6x®  4-  P^6x^  +  N^^e®  4-  M^Sx®  +  P^ax^  +  Q^ae^ 
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+  ,  (J^6e;  +  +  s^Scl  +  m^6x°  +  p^Sx^  ^  dxdy  (48) 

where  the  stress  resultants  are  defined  to  be 

r  3 

(  N  ,  M  ,  P  )  =  <T  (  1,  2,  z  )  dz  (  i 

‘  ‘  ‘  -h/2  ‘ 

f  2 

(  Q^.  R2  )  =  1  (  1.  z  )  dz 

-h/2 

h/2 

(  Q,,  R,  )  =  I  <T  (  1,  2^  )  dz 

-h/2  ’ 

as  [given  in  [10].  N^,  N^,  and  are  found  in  conventional  laainated 

plate  theories  (see  [13]).  and  R.  are  additional  teras  unique  to  the 
higher  order  theory  and  aay  be  thought  of  as  aoaent  and  shear 
corrections  respectively  due  to  the  transverse  shear  strain  varying 
parabolically  through  the  thickness. 

We  now  substitute  Eq.(22)  into  Eq. (49)  to  give 


=  1,  2,  6  ) 

(49) 


5U 


=  JJ  {  *  f.  -(4/3h^l(«*..,  *  6., 

B  ^  '■ 


+  N_5u  , 

2  o’  y 


♦  +  PJ  -(4/3h‘)(5v»„.  +  6w,_) 


2"y’y  2 


y  y  yy 


+  +  5w,y) 


+  rJ  -(4/h‘')(5v„  +  5w,  ) 


+  R. 


-(4/h  )(5V^  t 
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+  p. 


-(4/3h  ){5v  ,  +  64)  +  25w,  : 

xy  yx  xy 


dxdy 


(50) 


We  now  intetfrate  by  parts  using  the  following  formulae  [15] 


JJ  G  dxdy  =  “  J  J  ^  ‘ixdy  +  J  G  H 

ff  G  H,  dxdy  =  -  f  f  H  G,  dxdy  -  f  G  H 

JJ  y  Jn''n  “  “’n 


dy 


dx 


p» 

|0  1 

0 

•  r* 

J  G  «’x 
•^0 

dx  s  G  H 

'  b  ' 

b 

-  J  H  ‘^’X 

0  0 

dx 


dy 


(51) 


and  the  plate  dimensions  of  Figure  2.3  to  yield 


b  %  ( 

6U  =  f  J  <  -  ^x^T’x  *  (4/3h^)5V^P^,^  -  (4/3h^)6wP^, 

0  0  1. 


-5v^N,,„  -  ♦  (4/3h^6Vyp2,y  -  (4/3h  '  ^’^2’ 

2, 


o  2’y  2'y 

2, 


-  (4/h  )5g»y82  ■*’  (Vh  -  (4/h  )6g»^B^ 

+  (4/h^6mB^,^  -  ^^Ns’y  "  ^Ve**  ‘  ^-"e’y  ’  ^y^e’x  *  (4/3h^)5v^Pg., 
+  (4/3h^)6VyPg.^  -  {8/3h^)6wPg.^y  |  dxdy  +  |  N^6u^  + 

-  (4/3h^)P^6v^  +  (4/3h^)P^»^6w  -  (4/3h^)P^6w,  ^  +  Q^5w  -  (4/h^)R^«5w 
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+  N  6v  +  M,6v  -  {4/3h^)P,6v  +  (8/3h^)P,,  5w 

6  o  6  y  6y  6y 


dy 


+  f  I  -N  5v  -  M  5v  +  (4/3h^)P  64)  -  (4/3h^)P,,  5w  +  (4/3h^)P  6w, 

jQ[2o2y  2y  2y  2; 

-  Q,5w  +  (4/h“)R  5w  -  s6u  -MStfi  +  (4/3h^)P,5v> 

2  2  6o6x  6x 


:8/3h  )P,,  5u 

6  X 


dx  +  (8/3h  )P  5w 

O 


521 


Looking  closely  at  the  above  equation,  one  notices  that  the 
boundary  integrals  each  contain  a  ter*  or  <5w,^.  These  tens  appear 

now  where  else.  We  can  deal  with  these  terms  by  considering  the  fact 
that  the  rotation  of  the  midplane  of  the  plate  (w,  and  w,  )  is  the  sum 

X  y 

of  the  rotation  due  to  bending  (tp  and  V*  )  and  the  rotation  due  to  shear 

X  y 

(Y  and  Y  ).  Thus 

X2  yz 


w,  S  4»  +  7 

X  X  X* 


+  Y 


y* 


(53) 


For  a  simply  supported  boundary  ,  the  edges  of  the  plate  are  free  to 
rotate  and  edges  remain  perpendicular  to  the  aidplane.  They  have  no 
shear  strain  component.  The  edges  of  a  clamped  boundary  are  restrained 
from  rotation  and  again  the  edges  stay  perpendicular  to  the  aidplane  and 
have  zero  shear  strain.  We  may  therefore  assume  that  w,^  =41^  and  = 
4>  .  Taking  the  first  variation  we  obtain  6w,  =  and  5w,  =  6y/ 

y  X  X  y  y 

which  keeps  the  problem  a  function  of  three  variables  instead  of  five. 

We  substitute  relations  from  the  above  assumption  and  collect  terms 
to  give 
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-N,.  -Nc. 

lx  6  y 


6u  + 

o 


-N,.  -.N  , 

2  y  6  X 


6v 


-(4/3h  -  (4/3h  +  (4/h  Q,.^  +  (4/h‘)Rj,^ 

r 

5w  + 

64)  + 


-  (8/3h  )P^, 

6  X  y 


+  {4/3h  )P^, 

6  y 


+  {4/3h  )P^, 

6  X 


Sip 


,,  +  (4/3h^)P,, 

l  x  lx 

+  -  (4/h^)R 

.  +  (4/3h^)P,. 

+  Q,  -  (4/h^R 

2  y  2  y 

2 

{  [  ^ 

]  *"o  *  [  "6  ] 

6  X 


(4/3h^)P,.  +  Q,  -  (4/h^)R,  +  (8/3h^)P^, 

i  X  I  I  o  ! 


Su 


-  (8/3h  )P^ 


6u*  -f 

X 


Mg  -  {4/3h  )Pg 


5<p 


} 


dy 


{[■“.]  ‘"o  *  [  •"  J 


-(4/3h^)P2.y  -  ♦  (4/h^)B2  +  (8/3h^)Pg,^ 


6w 


-Mg  +  (4/3h")Pg 


SV  -M 

X 


2  ♦  (8/3h‘)P2 


Sip 


dx 


+  (8/3h  )P^5w 

D 


(54) 


Finally,  we  substitute  the  first  variation  of  kinetic  energy 
Eq.(37),  of  potential  energy  due  to  external  forces  Eq.(42),  and  of 
strain  energy  Eq.(54)  into  Haailton’s  principle  Eq.(30)  to  give 


6u 

o 
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+ 

I  +  I  4»  -  (4/3h^)I  W, 

1  0  2  y  ^  y  J 

6v 

0 

1  (4/3h^)I  u 

1  4  o,x 

+  (4/3h^)L tp  -  (4/3h^)^I,w, 

5  X  ,  X  7  X  X 

+  (4/3h^)I  V 

A  o,y 

+  (4/3h^)KV  -  {4/3h^)^r  w,  + 

5  y.y  7  yy 

5w 

( 

6v 

X 

+  1 

[  ‘2^  ♦  ‘3»’,  -  iv3h^r,:,^  ] 

dtp 

y 

- 

[  -N,”’..  -S2“-„  -2  V'.,  ^ 

1  6w 

-[(- 

".■.  *  (-"2', 

6’x  j 

5v 

0 

*  [  -  (4/3h^)P2.,,  -  Q2‘y  *  ^ 

-  (8/3h^)Pg,^y  )  (  '“t’x  *  (4/3h^P^,^  +  Q^  -  (4/h^)R^  * 

+  {4/3h^P^,y  )  5V^  +  [  -Mj.y  ♦  (4/3h^p2,y  +  Qg  -  {4/h^)R2  - 
+  (4/3h^)Pg.^  ) 

-  It'  I^  {  (  ^‘'’x  *  V’y  )  ^’'  *  (  ^  )  ^“o  ^  (  ^6  ) 

+  [  (4/3h^)P^,^  ♦  -  (4/h^)R^  +  (8/3h^Pg,y  j  5w 

5^; 

y 

-  I,"  {  (  -  V’,  ■  “e”’.  )  *"  *  (  -"e  )  *".  *  (  -"2  )  *’» 

f  ^  -(4/3h^P2,y  -  Q^  +  (4/h^)R2  +  (8/3h^Pg,^  ]  6w 


•J  -  (8/3h^)P^  )  ^*  *  (  ^6  ■  <4/3h^P 
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+ 


-Mg  +  (4/3h^Pg 


+ 

X 


-M,  +  (8/3h")P2 


0 

dxdt 

b 


(8/3h“)P^5w 

O 


(55) 


We  now  integrate  by  parts  with  respect  to  time  and  use  ^w  =  5^  = 

X 

=  0  in  the  evaluation  term  at  time  t  =  t.  and  t  =  t,.  This  results 
y  !  2 

from  the  virtual  displacements  being  zero  at  time  limits  t^  and  t^  . 
The  resulting  equation  is 


♦  (  -‘t%  -  '2»j  *  (V3h")I,“v 

» [  -  (4/3h^^i,(-;,,  * 

(4/3h^i,(i;,^ 

(4/h^)  (  Rg.y  +  )  +  (4/3h^)(  P^, 

*  (  -  ~'2\  - 
-  (4/3h^(P,,,  *  P,.,)  )«».*(- 


.  +  N, ,  + 

N..  1 

5u 

X  l  x 

6  y  J 

1  0 

]  6v 

2  y  6  ’  X 

4/3h^I  Ju 

,  +  V 

• 

,  ) 

4  o 

X 

«  y 

'  w,  +  N_w 

.  -2 

N,w, 

1  XX  2 

yy 

6  xy 

+  P,,  +2 

Pc< 

)  ]  5w 

2  yy 

6  xy 

J 

^  «6*y  -  ^1 

t  (4/h^)R^ 

+  {4/3h^)I^w, 
y  5  y 


+  ♦  (4/h^)R2  -  (4/3h^(P2,y  +  P^,  J  ]  6v^  |  dxdydt 


“  f  i  ■*■  ■*■  ^1  “  (4/h^)R 

+  (4/3h^)(  P^,^  +  2  Pg,y  )  j  6w  +  [  -  (8/3h^P^  ]  5v>^ 
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a 


[  M,  -  {4/3h^P^ 

5v  1 

{  S  6  J 

/ 

dydt 


y  -  -V-x  -  ^  )R^ 


-«2  ^ 


Jt"Jo  {  "  (  -^'^■2’*’ 

(4/3h^(  P^.y  +  2  )  j  6w  +  ^  -Mg  -  (4/3h^)Pg  j  6^ 

(8/3h^)P2  j  6m>^  I  dxdt  -  (8/3h^)Pg5w 


dt  =  0  (56) 


Since  the  variation  cannot  be  zero  over  the  region,  the 
coefficients  oust  go  to  zero  and  the  equations  of  action  are 


5u  : 

N,,  + 

N.. 

II 

c  • 

+ 

•  • 

0 

1  X 

6  y 

1  0 

2  X 

5v  : 

J',*  + 

N.. 

*  • 

S  I,v 

+ 

•  • 

0 

2’y 

6  X 

t  0 

2  y 

Q, ,  + 

Q_,  +  N.w, 

N_w, 

-2 

N-W, 

1  X 

2  y  1 

XX 

2  ’yy 

6 

‘2’y  ■  "t’x 


.  (4/3h^)(  P,.^^  P,.  t  2  Pg.  )  =  I,w'-  (4/3h")^I,(w;^^  .  w*.  ) 


+  (4/3h^)I^(u^,^  +  v^,y)  +  {4/3h^)ig{V^,^  +  Vy.y) 


•  ^’x  *  **6'y  "  ^  (4/3h^)(P^,^  +  Pg,^) 


(57) 


.  *  ^3^  -  (4/3h^rgW,^ 


=  '’a’y  *  «6’x  -  ^2  *  ^  Pg  *  J 


=  ^2^  *  ^3^  ■  <4/3h^IgW,^ 


which  are  identical  to  those  in  [12].  The  underlined  terns  are  ones  not 
seen  in  the  Mindlin-type  plate  theories.  In  addition  to  solution  of  the 
equations  of  notion,  the  following  boundary  conditions  must  be 
satisfied  (each  tern  must  vanish  since  the  variations  are  arbitrary) 


5u  : 

o 


0  b 

I  ^ 

dx  -  1  N 

■^0 

b  0 

dy 


5u  =0 

O 


6v  : 
o 


0  .b 

I  *^2 

'*0  ^ 

b  '^0  ® 

dy 


6v  =0 
o 


5w  : 


I'  I 


-  (8/3h  )P, 


1  0  •  a 


b  '0 


6w  s  0 


Siff 


a- 


.]i 


(4/3h  )Pg||  dx  + 


dx 


6*,:  I  -  (./3h- 


-ji: 


dx  ♦ 


•d, 

/  0 

(58) 

\ 

a 

dy 

0 

/ 

5v>  =  0 

X 

♦  l4/3h=)pj 

1  ^ 

dy 

'o 

*< 

II 

o 

Since  we  only  desire  solutions  for  natural  frequencies  and 
buckling  loads,  only  the  out-of-plane  equations  are  needed.  In  other 
words,  the  6u  and  5v  equations  of  Eq.(57)  and  (58)  can  be  dropped. 

O  O 

Note  that  these  equations  sust  be  included  for  considering  shells. 
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In  order  to  achieve  solutions  usin?  the  higher  order  theory,  we 
will  approximate  a  formal  solution  by  combining  an  equation  of  motion 
with  its  corresponding  boundary  condition  requirement.  This  will  give 
three  equations  in  terms  of  three  variables. 

This  work  will  deal  only  with  symmetric  laminates.  From  Eq.(33) 
this  implies  that  ^2  ~  ~  ^2  ~  ^  gives 


5w  : 


*  ♦  '■a',,  ’  2Pe..,]  -  >,»■* 

-  (4/3h^)T^^  *  Vy.yj  J  Sw  dxdydt 

-  *  5.".,  *  «,  -  l4/3h^(p,.,  ♦ 


0  1  a 


(8/3h^)Pg  awdt  =  0 


awdxdt 


(59) 


b  '0 


5v  : 

X 


-  I_V  +  (4/3h^)I_w,  S  av  dxdydt 

3  X  5  - 


(8/3h  )P^|  I  av^dydt 
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+  (4/3h^)P 


0 

Sip  dxdt  =  0 

^  X 


(60) 


{  "a’,  *  '^^'>'>“2  -  'V3h^(p,,,  »  P^,,] 


-  13^^  +  (4/3h^)I^w,^  I  5v^dxdydt  -  jM^  -  (4/3h^)P^| 


5v  dxdt  =  0 
y 


Sip  dydt 
y 


(61) 


froB  Eq. ( 56) . 

If  we  assuae  the  tiae  dependence  to  be  haraonic,  the  problea  is 
independent  of  tiae  and  Eq8.(59),  (60),  and  (61)  can  be  written  as 


6w  ; 


( C  f '■ 


+  Q,.  ♦  N  w,  +  N,w,  -2N^w,  -  (4/h  ) 

X  2  y  I  XX  2  yy  6  ’xy 


+  (4/3h  ) 


(®2’y  *  ®T’x, 

(Pl-xx*  P2-yy"  ^P^-xy)  "  <  V3h^  ) y  [«• 

♦  «^{4/3h^)Ig^V^,^  ^  '^y’y)  } 


+  w, 

XX  yy 


-  (  {  «.*•, 


+  NgW,  +  -  (4/h^)R^*  {4/3hn 


+  2P^, 

X  6  y 


'  f  {  "^a^’y  ■  ^e’^'x  ■  ^2  *  <4/h^)R2-  (4/3h^[p2. 


♦  2P,,, 

y  6x1 


5wdy 


5wdx 
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{8/3h  )P, 


6w  =  0 


(62) 


5\f)  : 

X 


C{"’- 


+  -  u^(4/3h^)I-w,  >  5«p  dxdy 

3  X  S  X  X  ^ 


(8/3h  )  P, 


U-" 


6  +  (4/3h  )  P^ 


5v  dx  =  0 


5v^dy 


(63) 


Siff  : 
y 


<•  -  "^4/3h^f5«,^  I  «V^dxdy  -  J  (  -  (4/3h^l  P^  | 

-  i]  {  -"a  *  <8^31'''  ^2  } 


6V  dx  =  0 
y 


5v>ydy 


(64) 


We  now  expand  the  boundary  tens. 


5w  : 


*  l4/3h->[p,,„*  P,.,/  2Pj..,)  *  -  o,^4/3h^"l,[., 

*  u^(4/3h^)fj^i|i^,^  ♦  I  Sw  dxdy 


+  W, 

XX  yy; 
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I  I  N^w,^{0,y)  +  NgW,^(0,y)  +  Q^(0,y)  -  ( 4/h“ (0, y ) 

+  (4/3h^)|  P  .  {0,y)  +  2P,,  (O.y)  I  -  N  w,  (a,y)  -  N  w,  (a,y) 

j  X  oy  j  IX  oy 

Q^(a,y)  +  <4/h^)R^(a,y)  -  (4/3h^)^  P^,^(a,y)  +  2Pg,^(a,y)  j  |  5wdy 
-  (4/3h^^  P2.y(x,0)  +  2  Pg,^(x.O)  ]  -  N^w.yix.l 


,0)  +  N.w,  (x.O)  +  Q,(x,0)  -  (4/h  )R  (x.O) 

OX  ^  2 


,b)  -  N  w,  (x,b) 

6  X 


-  Q^lx.b)  +  (4/h^)R2(x,b)  +  (4/3h^) 


I  P,  (x,b)  +  2  P,  (x,b)  1  }  6wdx 

2  y  6  X 


/ 


{8/3h  )  P^(a,0)  -  P^(a,b)  -  P^(0,0)  -  PJ0,b)  1  6w  s  0 

O  O  O  0 


•  ,b)  j 


(65) 


l'  I]  {  -  «,  *  P,.,  *  Pew  ) 

+  u^T  tt  -  u^(4/3h^)r_w,  i  6v  dxdy 

■J  K  9  X  j  X 

+  J  I  M^(0,y)  -  (8/3h^)P^(0,y)  -  M^{a,y)  +  (8/3h^)P^(a,y)  | 

J  |Mg(x,0)  -  (4/3h^)Pg(x,0)  -  Mg(x,b)  ♦  (4/3h^)Pg(x,b)|  6v^d 


6V  dy 


5v  : 

y 
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where  the  plate  stiffnesses  are  defined  to  be  froa  [10] 
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h/2 


A  ,B  ,D  ,E  ,F  ,H,  .  =  1  Q  ( 1 , z , , z^, , z® )  dz  (i,j  =  l,2,6) 

‘  J  1  J  1  j  I  j  » j  I  j  J .h/2  ‘ ^ 


(69) 


I  ,.D  ,F.  =  f 

I  j  I J  » j  J 


h/2 


-h/2 


Q_  (l,z^,z^)  dz  (  i,j=4,5) 


and  the  Q.  's  are  the  transforaed  reduced  stiffnesses. 


>  J 


For  syaaetric  laminates  =  0  (froa  Eq.(69),  and 


Eq.(68)  becomes 


(70) 
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The  problea  at  hand  is  independant  of  the  extensional  stress 
resultants  S  .  N  ,  and  N  and  the  first  relation  of  Eq.{70)  will  not  be 

I  2  6 

needed. 

Using  the  strain  relations  of  Eq.(22)  we  obtain 


M,  =  ,  +  D,_V  ,  +  D,,(V  ♦  +V  ,  )  -  (4/3h  )F,,(V  ,  +w,  ) 

1  tl  X  *  12  y  y  16  X  y  y  X  11  x  x  xx 

-  (4/3h^)F,,«p  ,  +w,  )  -  (4/3h^)F,.(V  ,  ♦V  ,  ♦2«,  ) 

12  yy  yy  16  x  y  y  x  xy 


",  =  O,,*.’.  *  “a,*,-,  * 


’’2  =  ^,2^’.  ■*  ^22'^y’y  *  '"iz"’.' .*"•  .x ' 

-  l4/3h^H33(»,,,*.,,^)  -  l4/3h^H,^(»,,^*»,,/2.,,^l  (7U 
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p.  =  .  +V  .  )  -  (4/3h  )H,,(V  ,  +W, 

6  16  X  X  26  y  y  66  x  y  y  x  16  x  x  xx 

-  (4/3h^)H,,(V  .  +w,  )  -  (4/3h^)H,.(W  ,  +W  ,  +2w,  ) 

'  '  26  yy  yy  66  x  y  y  x  xy 


^2  =  ^  )(Vy+w,^)  +  (  A^g-{4/h^D^g  ><’*'x'^‘'’x’ 


®2  =  <  HWy+w.y)  +  (  D^^-(4/h^)F^5 


Ri  =  (  D^5-(4/h^)F^^  )(Vy+w,y)  +  (  D^5-(4/h^)F5^  >  ('♦'x’^'*’ x  ’ 


These  relations  are  now  substituted  into  Eqs.(65)i  (66),  and  (67) 


6w  ; 


(  A„-(4/h  ID,,  IH',..*«.„I  A  (  A„-(4/h-lD„ 


♦  (  A,  -(4/h^D,,  l(»  I  ♦  (  A„-(4/h^lD„  l(«i  ,  aw,  I 

AA  AA  y  y  yy  45  45  x  y  xy 

+  N  w,  +  N_w,  +  N,,w,  -  (4/h^)(  D^,,-(4/h“)F„^  )(V  .  +w.  ) 

1  XX  2  yy  6  xy  <5  <5  y  x  xy 

-  (4/h^){  D„-(4/h^)F„  )(4I  ,  +w,  )  -  (4/h^)(  D,  -(4/h^)F_  ) 

55  55  xxxx  44  44 

iV  ,  +w,  )  -  (4/h^)(  D„^-(4/h^)F„,^  )(V»  ,  +w,  )  +  (4/3h^)F,  , 

yy  yy  45  45  xy  xy  It  xxxx 

+  (4/3h^F,,tt>  ,  +  (4/3h^)F,^(V  ,  +v  ,  ) 

12  y  xxy  16  x  xxy  y  xxx 

-  (16/9h^H,,(V  ,  +w,  )  -  (16/9h^H,,(V  ,  +w,  ) 

11  X  xxx  xxxx  12  y  xxy  xxyy 

-  {16/9hOH,-(V  ,  +V  ,  +2w,  )  +  (4/3h^)F,,V»  , 

16  X  xxy  y  xxx  xxxy  12  x  xyy 

+  (4/3h^)F„V  ,  +  (4/3h^)F„^(V  ,  +V  ,  ) 

22  y  yyy  26  *  yyy  y  xyy 

-  (16/9hOH,,(V  ,  +w,  )  -  (16/9h^H„(V  ,  +w,  ) 

12  X  xyy  xxyy  22  y  yyy  yyyy 

-  (16/9h‘’)H,^(V  .  ■►V  .  +2w.  )  4-  (8/3h^)F,,tf>  , 

26  X  yyy  y  xyy  xyyy  16  x  xxy 

+  (8/3h^)F,^V  ,  ♦  (8/3h^)F^,(V  ,  +V  ,  ) 

26  y  xyy  66  x  xyy  y  xxy 

-  (32/9h^)H,^(V  ,  4«w,  )-  {32/9h^H,^(V  ,  +w,  ) 

16  X  xxy  xxxy  26  y  xyy  xyyy 


-  (32/9hNH^^(V  ,  ,  +2w,  )  4-  w  -  u^{4/3h^ +  w, 

66  X  xxy  y  xxy  xxyy  1  7  xx 


4  w^4/3h^Ig(V^,^  ♦  9^ 


xxy  y  xxy  xxyy 

5w  dxdy 


yy 


W 


0  V 


)D^5  )(4»y(0,y)+w,^(0,y)) 
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+  (  A„-(4/h^)D„  ){V  (0,y)+w,  (O.y))  -  (4/h^(  -(4/h“)F^^  ) 

bD  bbx  X  4b 

(^^(O.yl+w.^lO.y))  -  (4/h^(  D^^-(  4/h^ )  )  (V^(0,y)+w,  JO,y)  ) 

>  (4/3h^F^^t/^^,^^{0.yJ  +  (4/3h^)F^^W^,^^(0,yl  +  (4/3h^lF^^ 


(n.,,(0.y)*V,.,JO.y))  -  (16/9h  )H,,(^.,,(0.y).w.^^^(0,y)) 
-  (16/9h^H,,{g>  ,  (0,y)+w,  (0,y))  -  (16/9h^H,^ 

12  y  xy  xyy  16 


(V  ,  (0,y)+4»  ,  (0,y)+2w,  (O.y))  +  (8/3h  )F,^V  ,  (0,y) 

X  xy  y  XX  xxy  16  x  xy 

+  {8/3h^)F,  w  ,  (O.y)  +  l8/3h^)F,^{V  .  (0,y)+V  ,  (0,y)) 

26  y  yy  66  x  yy  y  xy 

-  (32/9h^H,-(V  ,  (0,y)+w.  (O.y))  -  {32/9h^H„(V>  .  {0,y)+w 

16  X  xy  xxy  26  y  yy 


-  {32/9h  )Hg^{V^,yy(0.y)+Vy,^y{0,y)+2w,^y^(0.y)) 


-N^w,^(a,y)  -  NgW,^(a,y)  -  (  A^g-(4/h  )D^g  )(Vy(a,y)+w,y(a,y) ) 

-  (  A55-{4/h^)Dg5  )(Vja,y)+w,^(a.y))  +  (4/h^)(  D^5-(4/h^)F^^  ) 
(V  (a,y)+w.  (a,y))  +  (4/h^)(  D.  -(4/h^)F__  )(V  (a,y)+w,  (a,y)) 

y  y  bb  bb  x  x 

-  (4/3h^)F^^iF^,^^(a,y)  -  <4/3h^)F^2^*xy<*’y>  '  (4/3h^F,g 


+  (16/9h^H,-(V  ,_(a,y)+w,_^(a,y))  ♦  (16/9h^H 

1 6  y  xy  X yy  i w 

^'♦’x’xy^*’^^*’^y’xx^*’y^‘^^‘'’xxy^*’y^’  "  <  ’  ^t6’*'x  ’  xy  ^  ^  * 


-  (8/3h^)F2gVy,yy(a,y)  -  (8/3h^ ) 


+  (32/9h^H^g(^^»^,^y(a,y)+w.^^^{a,y))  ^  ( 32/9h^H2^  ( a.  y  )+w,  a,  y ) ) 
+  {32/9h%H^^(4>^,^^(a,y)+V>^,^y(a,y)+2w,^^^(a,y) )  |  6w  dy 
♦  [  I  N'  w,  (x,0)  +  N  w,  (x.O)  +  (  A^^-(4/h^)D^_  )(tfi  {x,0)+w,  (x,0)) 

J^iZy  6x  44  44y  y 

+  (  A_-{4/h^)D_  )(<p  (x,0)+w,  (x.O))  -  (4/h^)(  D,  -(4/h^)F,,  ) 

(V  (x,0)+w,  (x.O))  -  (4/h^)(  D_-(4/h^)F^^  )(V  (x,0)+w,  (x,0)) 
y  y  45  45  X  X 

-  (4/3h^F,,K/  ,  (x,0>  -  (4/3h^)F,,V  .  (x.O)  -  (4/3h^)F,^ 

12  X  xy  22  y  yy  26 

(V  ,  (x,0)+V  ,  (x.O))  +  {16/9h^)H,,(V  ,  (x,0)+w,  (x.O)) 

X  yy  y  *y  12  x  xy  xxy 

+  (16/9h^H„(V  .^^(x,0)+w,_  (x.O))  +  (16/9h^H„ 

cc  y  yy  yyy 

<^^y<’'’0>"^«xy<’‘’0’"2w,^^^(x,0))  -  (8/3h^)F^,V^.^^(x,0) 

-  (8/3h^)F3^«P^,^^(x,0)  -  (8/3h^)F^^(V^.^^(x,0).V^,^^(x,0)) 

+  (32/9h^H,^(V  ,  (x,0)+w,  (x.O))  +  (32/9h^H,^ 

16  X  XX  XXX  26 

(V  ,  (x,0)+w,  (x,0))  ♦  (32/9h^)H  (V  .  (x,0)+V  ,  (x,0)+2w,  (x.O)) 

y  xy  xyy  66  X  xy  y  xx  xxy 

-N  w,  (x.b)  -  N  w,  (x,b)  -  (  A  -(4/h^)D  )(V  (x,b)+w,  (x.b) ) 

c  j  OX  y  y 

-  (  A^5-(4/h^)D^5  )(f^(x,b)+w,^(x,b))  +  (4/h^){  D^^-(4/h^F^^  ) 
{W^(x,b)+w,y(x,b))  +  (4/h^(  D^5-(4/h^)F^5  )  (V^(x,b)+w,  _^(x,b) ) 

+  (4/3h^F^2ip^,^y(x,b)  ♦  (4/3h^)F22Vy,yy(x,b)  +  (4/3h^F2g 
('F^.yy(x,b)+V^,^y{x,b))  -  (16/9h^H^2<’''x’xy^’'’‘^^*’*’xxy^’‘’‘’’* 
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-  (16/9h^H,  (V  ,  (x,b)+w,  (x.b))  ~  (16/9h^H,^ 

22  y  yy  yyy  26 


(V  ,  (x,b)+V  ,  (x,b)+2w,  (x.b))  +  (8/3h  ,  (x,b) 

X  yy  y  ^yy  is  x  xx 

+  (8/3h^)F,^V  ,  (x.b)  +  (8/3h^)F^^(V  ,  (x.b)+if»  ,  (x.b)) 

26yxy  66xxy  yxx 

-  (32/9h‘')H,^(V  ,  (x,b)+w,  (x.b))  -  (32/9h^H„ 

Ibxxx  XXX  26 


(W  ,  (x,b)+w,  (x.b))  -  (32/9h  )H,- 

y  xy  xyy  66 


-  (8/3h  )  I  Ft6'''x’x^*‘°*  ^  ^26’^y’y^*’°*  *  ^66  ’  y  < °  ’  ^’''y  ’  x  <  °  ^ 

-  {4/3h^H,Ji<)  .  (a.O  ♦v,  (a.O))  -  (4/3h^)H.  (V  ,  (a,0)+w,  (a,0)) 

lo  X  X  XX  £o  y  y  yy 


(4/3h  )H.-{V  ,  (a,0)+V  ,  {a,0)+2w.  „(a,0)) 

ooxy  y*  *y 


+  {4/3h^)H,.(V  ,  (a,b)+w,  (a.b))  +  (4/3h^)H  (V  ,  {a,b)+w,  (a.b)) 

lb  X  X  XX  fcb  y  y  yy 


+  (4/3h  )H  (V  ,  (a,b)+V  ,  (a,b)+2w,  (a,b)) 

bbxy  y^  *y 


+  {4/3h^)H^g{1»^,^(0,0)+H,^^(0,0))  +  (4/3h^)H2g(Vy,y(0,0)+w,y^(0,0)) 


+  (4/3h  )H..(V  ,  (0,0)+V  ,  (0,0)+2w,  (0,0)) 

ooxy  y*  *y 


-  (4/3h^)H,^l»i  ,  (0,b)*»,  (O.bl)  -  (4/3h^)H„l*  ,  (O.bl+w.  (O.b)l 

1  o  XX  XX  6  o  y  y  y  y 
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-  (4/3h‘')H^^(V  ,  (0,b)*<P  ,  (0,b)+2w.  (O.b))  >  6w  =  0  (72) 

66xy  y  X  xy 


: 

X 


b  a  f 

f  \  ,  + 

JqJ^!  11  XXX  12yxy 


D_(v  ,  +4>  ,  : 

16  X  xy  y  XX 


(4/3h^F,  (V  ,  +w,  )  -  (4/3h^)F,  (V  ,  +w,  ) 

11  x  XX  XXX  12  y  xy  xyy 


-  (4/3h')F,^(V  ,  ,  +2w,  )  +  , 

16  X  xy  y  xx  xxy  16  x  xy  26  y  yy 

+  ,  +V  ,  )  -  (4/3h^)F,^(V  .  +w,  )  -  (4/3h^)F,^(V  ,  +w,  ) 

66  X  yy  y  xy  16  x  xy  xxy  26  y  yy  y>y 

-  (4/3h^)F^^(V  ,  +V  ,  +2w,  )  -  (  A^^-|4/h^)D^^  )(^>  +w,  ) 

66  X  yy  y  xy  xyy  45  45  y  y 

-  (  A55-(4/h^)D55  )<^x‘^’'’x^  ^  (4/h^)(  D^5-(4/h^F^5  )(Vy+«iy) 

>  (4/h^)(  D^^-(4/h^)F3^  -  (4/3h^)Pn^*xx  ' 


-  (4/3h^)F,,(V  ,  +V  ,  )  +  (16/9h^)H,,(V»  ,  +w,  ) 

16  X  xy  y  XX  11  x  xx  xxx 

-  -  (4/3h^ 

+  (16/9h^Hgg(V^,yy+Vy,^y+2w,^^^)  +  -  u^4/3hM5W,^  |  5V^  dxdy 

+  f  (  D^^V^,J0,y)  +  D^2Vy.y(0,y)  +  D^g{V^,y(0,y)+Vy,^(0,y) ) 

-  (4/3h^)F_(V  ,  (0,y)+w,  JO,y))  -  ( 4/3h^  )F,  ,( V  ,  (0,  y  )+w.  { 0 ,  y ) ) 


-  (4/3h  )F,^(V  ,  (0,y)+V  ,  (0,v)+2w,  (0,y))  -  (8/3h  )F  , 

loxy  y*  '^y  iixx 

-  (8/3h^)F,,i*)  ,  (O.y)  -  (8/3h")F  (y  .  (0.y)+tf)  ,  (0,v)) 

i2yy  loxy  y* 

+  (32/9h%H,,(';>  ,  (0,y)+w,  {0,y))  +  (32/9h^H,  (V  ,  {0,y)+w. 

llxx  XX  12yy 


+  (32/9h  .  (0,y)+4»  .  (0.y)+2w,  (0,y)) 

16  X  y  y  X  xy 


-  ,  (a.y)  -  D,_<P  ,  (a.y)  -  D  (V  ,  (a,y)+4»  ,  (a,y)) 

11  XX  12  yy  16  xy  yx 

+  (4/3h^)F,,(V  ,  (a,y)+w,  (a,y))  +  (4/3h")F  (V  .  (a,y)+w, 

llxx  XX  12yy  yy 

+  (4/3h^)F,^(V  ,  (a,y)+V  ,  (a,y)+2w,  (a.y))  +  (8/3h^)F,,V  , 

16xy  yx  xy  llxx 

+  {8/3h^)F,,V  ,  (a,y)  +  (8/3h^)F  (w  .  (a,y)+V  ,  (a.y)) 

i2yy  loxy  y^ 

-  (32/9h^H^^{V^,^(a,y)+w,^^(a,y))  -  (32/9hNH^2^’»’y»y<*'y>*’*’ 


-  (32/9h  )H  (V  ,  (a,y)+V  ,  (a,y)+2w,  (a.y))  ^  V  dy 

loxy  y*  *7  j* 

0 

-  (4/3h^)F,JV  ,  (x,0)4w,_(x,0))  -  (4/3h^)F„(V  ,  (x,0)+w, 

ID  X  X  XX  CO  y  y  yy 

-  (4/3h^)F,.(V  ,  (x,0}*V,(x,0)*2w,{x,0))  -  (4/3h^)F  V  , 

DD  ^  y  y  *  *y  *  * 

-  (4/3h^)F2gVy,y{x,0)  -  (4/3h^)F^g(W^,y(x,0)+Vy,^{x,0)) 

+  (16/9h^H,^(V  ,  (x,0)+w,  (x.O))  +  (16/9h^H  (V  ,  (x,0)+w, 

ID  X  X  XX  CO  y  y 


+  (16/9h  )H^^(V  ,  (x,0)+V  ,  (x,0)+2w,  (x,0)) 

Doxy  y  ^  *y 
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+  (4/3h^)F,^(V  ,  (X,b)+w,  (x.b))  +  (4/3h^F,^(ip  ,  (x,b)+w,  (x,b)) 

16  X  X  XX  26  y  y  yy 

+  (4/3h^)F,JV  ,  (x,b)+ij»  ,  (x,b)+2w,  (x,b))  +  ( 4/3h^ )  F,,!#)  .  (x.b) 

66  X  y  y  X  xy  16  x  x 

+  (4/3h^)F,^'p  ,  (x.b)  +  {4/3h^)F^^{W  ,  (x,b)+ip  ,  (x.b)) 

26  y  y  66  x  y  y  x 

-  (16/9h^H,^(V  .  (x,b)+w,  (x,b))  -  (16/9h^H,^(V  ,  (x.b)+w,  (x.b)) 

16  X  X  XX  26  y  y  yy 

-  ( 16/9h^)H^^{V  ,  {x,b)+V  ,  (x,b)+2w,  (x.b))  >  dx  =  0  (73) 

66  X  y  y  X  xy  lx 


: 

y 


b  a  f 

f  [  1  w  ,  +  D-.V  ,  +  . 

J Q  I  12  X  xy  22  y  yy  26  x 


+V  ,  ) 

yy  y  xy 


-  (4/3h^)F,JV>  ,  +w,  )  -  (4/3h^)F,,(V»  .  +w,  ) 

12  X  xy  xxy  22  y  yy  yyy 

-  (4/3h^)F  {V  ,  +V>  ,  +2w,  )  +  D  ,  +  D^,(V  ,  +V  ,  ) 

'‘^2%'^x’yy  y’xy  xyy  IS’^x’xx  Z6^y  xy  66'  x’xy  ^y’xx 

-  (4/3h^)F,jV  ,  +W,  )  -  {4/3h^)F^^(V  ,  +V  ,  +2w,  ) 

16XXX  XXX  66  xxy  yxx  xxy 

-  (  A^^-(4/h^)D^^  )(Vy+w,y)  -  (  A^5-(4/h^)D^5  )(V»^+w,J 

+  (4/h‘)(  D,  -(4/h^)F,^  )(V  +w,  )  +  (4/h^)(  D^^-{4/h^)F_  )(V  +w,  ) 

T^yy  ^9xx 
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+  <16/9h  ,  +w,  )  +  (16/9h  ,  +2w,  ) 

'  26  y  xy  xyy  66  x  xy  y  xx  xxy 

+  (0^1  U)  -  u^(  4/3h^  iF-w,  >  dx  dy 
3  y  5  y  J  y 

+  f  I  .  (0,y)  +  ,  (O.y)  +  ,  (0,y)+v  ,  (0,y)) 

J^|^t6xx  26  yy  66  xy  yx 

-  (4/3h“)F,^(V  ,  (0,y)+w.  (0,y))  -  (4/3h^)F,^(V  .  (0.y)+w, 

16  X  X  XX  26  y  y  yy 

-  (4/3h^)F^^(V  ,  (0,y)+(|;  ,  (0,y)+2w.  (0,y))  -  {4/3h")F,,V  . 

66  X  y  y  X  xy  16  x  x 

-  (4/3h^)F,^i(>  ,  (0,y)  -  ( 4/3h^ )F,, {tp  ,  (0,y)+V  ,  (O.y) ) 

26  y  y  66  x  y  y  x 

+  (16/9h^H,^(i|»  .  {0,y)+w,  (O.y))  +  ( 16/9h^  )H,,  (V  ,  (0,y)+w, 

i6xx  XX  toyy 

+  (16/9h^H,.(V  ,  {0.y)+V  ,  (0,y)+2w,^^(0,y)) 

ooxy  *y 

+  (4/3h^)F^g(V^,^(a,y)+w,^^(a,y))  +  (4/3h^)F2g(Vy,y(a,y)+w,yy 
+  (4/3h^)F^g(V^,y(a,y)+Vy.^(a,y)+2w,^^(a,y))  ♦  (4/31i^)F^gV^,^ 

+  {4/3h“)F,,4>  ,  (a.y)  ♦  {4/3h^)F  (W  ,  {a,y)+v  ,  (a.y) ) 

26  y  y  66  X  y  y  * 

-  (16/9h^H^g{V^,^(a,y)+w,^^(a,y))  -  ( le/Oh^H^giVy.yCa.yj+w, 

-  {16/9h^)Hgg(V^,y(a,y)+Vy. Ja,y)+2w,^^(a.y))  |  dy 

0  k 

-  (4/3h^)F^2<’Px’x^*’°*‘^’'’xx^’'’°’’  "  <^/3h^)F22(Vy,y(^.0)+w,^^ 


-  (4/3h  )F,,(i(>  ,  (x,0)+W  ,  (x,0)+2w,  (x.O))  -  {8/3h  )F,,V 
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-  (8./3h^)F,  W  ,  (x,0)  -  (8/3h^)F,^(4'  .  (x,0)+!*»  ,  (x.O)) 

22  'f  y  26  xy  y* 

+  (32/9h^)H,,(V  ,  (x,0)+w,  (x,0))  +  (32/9h%H,,(V  ,  {x,0)+w,  (x,0)) 

12xx  XX  22  y  y  yy 


+  (32/9h  )H,.(W  .  (X,0)+V  ,  (x,0)+2w,  (x.O)) 

26  X  y  y  X  xy 


-  D,,V  ,  (x.b)  -  D,_V  ,  (x,b)  -  D  (V  ,  (x,b)+V  ,  (x,b)) 

12  X  X  22  y  y  26  x  y  y  x 

+  (4/3h^)F,  (V  ,  (x,b)+w,  (x.b))  +  (4/3h^)F„(V  ,  (x,b)+w,  (x.b)) 

t2xx  XX  22  yy  yy 

+  (4/3h^)F,^(V  ,  (x.b)+V»  .  (x.b)+2w,  (x,b))  +  (8/3h^F,,V  .  (x.b) 

26  xy  yx  xy  12xx 

+  (8/3h^)F,'P  ,  (x.b)  +  (8/3h^)F,.(V  ,  (x,b)+v  ,  (x,b)) 

22  y  y  26  x  y  y  x 

-  {32/9h^H,,(V  ,  (x.b)+«,  (x,b))  -  (32/9h^H,,(V  .  {x,b)+w,  ^(x.b) ) 

12  XX  XX  22  y  y  yy 


-  {32/9h  )H_(w  ,  (x,b)+v  .  (x,b)+2w,  (X 

fcOxy  7*  *y 


•  b))  I 


dx  =  0 
y 
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We  now  nondimens ionaiize  Eqs.(  72),  (73),  and  (74)  by  using  the 
following  definitions 


a 

I  j 

d 

» j 

f,  . 

I J 

h 

I J 


=  -A.  ,  /  E,h 
=  D  /  E,h’ 

*  J  2 

=  F  E.h® 

‘  J  2 

=  H  / 

I  J  2 


normalized 

stiffnesses 


where  E^  is  the  transverse  modulus 


R  =  a  /  b 


aspect  ratio 


s  s  a 


/  h 


span-to-depth  ratio 


w  =  w  /  h 


normalized  out-of>plane  displacement 


(75) 


?  =  X  /  a 
n  =  y  /  b 


<0^  =  a^w^p  /  Ejh 


P  *  ^ 

kal 


f  normalized  coordinates 


} 


1 


1 


normalized  natural  frequency 
normalized  buckling  load 

laminate  density 


where  =  ply  density,  t^^  *  ply  thickness,  and  S  =  number  of  plys. 
Note  that  p  =  ph  for  non-hybrid  plates.  This  work  will  not  consider 
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hybrid  plates,  therefore,  the  inertia  terms  may  be  simplified  as  follows 
using  Eqs. ( 33 ) 


r,  =  p 


I3  =  phV  12  ,  =  ph\/  80 


I,  =  ph  /  448 


I3  =  17ph  /  315 


=  ph  /  105 


(76) 


The  inplane  loads  may  be  simplified  by  using  the  concept  of 
proportional  loading.  Proportional  loading  assumes  that  the  axial  and 
shear  components  are  multiples  of  a  unit  load  Thus 


= 


'^2  = 


6  3  0 


(77) 


where  k^,  k^,  and  k^  are  coefficients  chosen  for  a  given  loading 
condition.  A  negative  sign  is  used  in  front  of  k^  and  k^  because 
and  are  compressive  loads. 

We  now  carry  out  the  normalization  process  by  multiplying  the  <5w 
equation  of  motion  (Eq.(72))  by  aV  E^h^  and  the  and  <5^  equations 

b  X  y 

of  motion  (Eqs.  (73)  and  (74))  by  aV  £2*'^’  r®sulting  equations  can 

provide  natural  frequency  solutions  by  setting  the  proportional  load 
coefficients  to  zero  or  buckling  solutions  by  setting  the  plate  inertias 
to  zero.  The  final  equations  of  motion  are 


6w  : 

0!  (  * 
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+  (a^^-8d^^+16fg^  )(3  V^.p+s 


*  1  a„-8d„n6f„  l(A»i^,^tsVw,^l 


*  "o'  '“l"'??  ■  "  '‘2"’Tn  *  "''l"’5r,  ' 


*  (4/3)f„s«.5.^5^t  '^^3i58f,2«'n'55n  *  '’'''»fi6'*'‘''’5'55n*%'555’ 


.2- 


( 16/9'h,g(sRV^,^^^+sK»^,^^^+2Rw,^^^^)  4-  (4/3)sR 
>  (4/3)sR^f3^V.^,^  .  (4/3)f^^(sR^^^.^.sR^t,^.^^) 

-  (ie/9)h^2^sR\^^^RK,^^^)  -  (16/9)h33(3R\.^.R^;:.^^, 

(i6/9)h2g(sR  %'^nr)*^^  ’*’5nnn^  * 

(32/9)h^g(sRV^,^^^+Rw,^^^^)  -  (32/9)h2g(sR  V^,^^+R 

-  (32/9)hgg(sR 


+  0)^  (  sVi6/4032w,^^-16/4032E‘w,^+4/3158V^,^+4/3158RV^,^  )  ^  Swd^dn 


.2- 


I  {  +  k3Rw,^(0,n)  ♦  ( 


a  -8d  4-16f  ) 

55  55  55  ' 


(s^v^(o,n)+8^w,^(o,n))  +  (  a^5-8d^g+i6f^5  )(s^v^(0,n)+s^Rw,^{0,n)) 
+  (4/3)sf^^V^.^^(0,n)  +  (4/3)8Rf^2g»^,^^(0,n)  +  (4/3)f^g 


(sRV^.^^(0,n)+sV^,^^(0,n))  -  (16/9)h^^(sl0^,^^(0,n)+w,^^^(0,r])) 
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(sRV^,^^(0,n)+s<*»^,^^(0,n)+2Rw,^^^(0,n)  )  +  (8/3)sRf^gVp,p^(0.n) 

+  (8/3)sR-f,^U'^,^(0,n)  +  (8/3)f^^(sR"v^.^(0,n)+sRV^,^^(0,n)) 

-  (32/9)h^g{sRV^,^^(0,n)+Rw,^^^(0,n))  -  (32/9)h2g(sR^«*t^,^(0,n) 
+R^w,^^(0.n)  )-  {32/9)hgg(sR^4i^,^(0,n)+sRip^,^^(0,n)  +  2R^w,^^^(0,n)) 

-N’^(-k^w.^(i,n)  +  k3w,^(i.n))  -  (  a^g-Sdgg+ief^g  ) 

(s^V^(l,n)+s^w,^(l,n))  -  {  a^g-8d^g+16f^5  ) ( 1 ,n)+s^Rw,^( 1 ,n) ) 

-  (4/3)sf^^V|,^^{l,n)  -  (4/3)sRf^2'<'r)’?n‘^’^^  ' 
(3Rv^,^^(i,n)+sv^,^^{i,n))  +  {i6/9)h^^(sv^,^^(i,n)+w,^^^(i,n)) 

+  (16/9)h^2(3RV^,^^(l,n)+aB^w,^^l,n))  +  (16/9)h 

(sRv^,^^(i,n)+sv^,^^(i,n)+2Rw,^^^(i,n))  -  (B/sisRf^^v^.^^d.n) 

-  l8/3>sR"f^^t|.^,^(l,n)  -  (8/3)f„(aRV5.^(l.n)*sl»^,5^U,nl) 

+  (32/9)hjg(sRV^,^^(l,n)+Bii,^^r)^^‘^'^  *  (32/9)h2g(3R^V^,^(l,n)+R^w, 

(l,r)))+  (32/9)hgg(8R^V5,^(l,n)+sRv^,^^(l,ri)+2R^w,^^(l,n))  |  dn 

*  l]  {  "o'V’V^’O'  ♦  k3=-5'5.»l  *  (  > 

(s\^(^,0)+3^Rw,^(5,0))  t  (  a^5-8d^5+l6f^5  )  ( 3  V^(5,0)+s^w,  ?  ,0 ) ) 

-  (4/3)sRf^2V^.^^(5,0)  -  (4/3)sR"f22V^,^(5,0)  -  (4/3)f3g 


.  (16/9!h3^(sR^tf,^.^(5.0).R"w.^(?.0))  .  (16/9)h^^ 

(sR^V)^,^^(^,0)+sRV^.^^(?,0)+2R^w,^^(5.0))  -  ( 8/3  )sf  5, 0  ) 

-  <8/3)3rf3^V^.^^(5,0)  -  (8/3)f^^(sRV^,^^(5.0)+94)^,^^(?.0)) 

+  (32/9)hj^(sVp,^^(5,0)+w.^^^(5.0))  +  (32/9)h2g(sRV^,^^(?,0) 
+R^w,^^(?,0))  +  (32/9)hgg(sRV^,^^(5,0)+sV^,^^(5.0)+2Rw,^^^(§,0)) 

-Ng(-k2Rw,^(5,l)+k3W,^(5.1))  -  (  a^^>8d^^+16f^^  ) 
(3\^(€,1)+s^Rw,^(€,1))  -  (  a^5-8d^5  +  16f^5  )  ( s^V^(5, 1  )+s^w.  ^(  5, 1 ) ) 

+  (4/3)sRf^2’»'^,^^(5.1)  +  (4/3)sB^f22V^.^(5,U  +  (4/3)f2g 
(sR^V^,^(5,l)+sRtp^,^^(5,l))  -  (16/9)h^2{sBV^.5r?(5,l)+Bw.^^^(M)) 

-  (16/9)h22(sR^V^.^(5.1)+R^w,^(5,l))  -  (16/9)h2g 
(sR^V^,^(5,1)+sBV^,^^(?,1)+2B^w,^^(5,1))  +  (8/3)f^gSV^,^^(5,l) 

+  (8/3)f2gSBV^,^^(?,l)  +  (8/3)fgg(sBV^,^^(5a)+8V^,^5(€,l)) 

-  (32/9)h^g(s1»^,^^(C,l)+w,^^^{€,l))  -  (32/9)h2g 
(3BV^,^^(C.1)+b"w.^^(5.1))  -  (32/9)h^^ 

(sRV^,^^(?, l)+sV^,^^{?, U+2Bw,^^^(^, 1) )  I  5w  d? 

-  (8/3)|  f^gSV^,^(1.0)  +  f^gSBV^.^CUO)  +  fgg(sBV^,^(l,0)+sV^,^(1.0)  ) 


51 


-  (4/3)h^g(sV^,^(l,0)+w,^^ll.0))  -  (4/3)h2g(sRV^,^(l,0)+R^w,^(l,0)) 

-  (4/3)hgg{sRV^,^(l,0)+sV^,^(l,0)+2Rw.^^l,0)) 

+  (4/3)h^g(sV^,^(l,l)+w,^^(l,l))  +  (4/3)h2g(sRV^.^(l,l)+R'w,^(l.l) ) 

+  (4/3)h^g(3RV)^,^(l.l)+sV^,^(l.l)+2Rw.^^(l,l)  ) 

-  f^gSV^,^(0.0)  -  f26sRV^.ri<0*‘^’  - 

+  (4/3)hjg(sV^,^(0,0)+w,^^(0.0))  ♦  (4/3)h2g(sBt|»^,^(0,0)+R^w,^(0.0)) 

+  (4/3)hgg(sRV^,^(0.0)+sV>^.^(0,0)+2Bw,^^(0,0)) 

"  *  fg6(sBV^,^(0,l)+aV^,5(0,l)) 

-  (4/3)h^g(8V^,^(0,l)+w.^|(0,l))  -  (4/3)h2g(8BV^,^(0,l)+B^w,^(0,l)) 

-  (4/3)hgg(sRV^,^(0,l)+sV^,^(0,l)+2Rw,^^(0,l>)  |  6w  =  0  (78) 
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'  Ss-so.s^isf.s  >'sV*’“"'-i’  ■  ' 


(s^4'^+s^w,^)  -  -  (4/3) 

-  +  ( 16/9)hj^(s^i*>^,^^+sw,^^^) 

+  (16/9)h^2<®'%*5r,^®®''‘'’?nn^  ^  <16/9)h^^(s"RV^.^^+s>^.^^+2sRw,^^^) 

-  (4/3)f^^s^Rtp^,^^  -  (4/3)f3^sVv»^,^  - 

.  (16/9)h^^(s^RV^,^^.sRw,^^^)  .  (l6/9)h3^(sVv^,^.sR^w,^) 

.  (16/9)h^,(3Vv^.^>s^RV^.^^>2sR^w.^^) 

+  (J^  (  17/315s^V^  -  4/315sw,^  )  |  6^^  dWn 

+  f  I  *  d^g(s^Rv^,^(o,n)+8^v^,^(o,n)  I 

-  (4/3)f^^(3^V^,^(0,rj)+sw,^^(0,rT))  -  (4/3)f^2^3^RV^,^(0,rj)+sR^w,^(0,r?) ) 

-  (4/3)f^g(s^RV^,^(0,n)+s^W^,^(0,n)+23Rw,^^(0,n))  -  (8/3)f^^3>^,^(0,n) 

-  (8/3)fj2S^Rv^,^(0,n)  -  (8/3)f,g(3^Bv^,^(0,n)+8^v^,^(0,n)) 

+  (32/9)h^^(s^V^,^(0,n)+8w,^^(0,n))  +  (32/9)h^2^8^BV^,^(0,n)+sR^w,^(0,n) ) 
+  (32/9)h^g(3^BV^,^(0,n)+8^W^,^(0,n)+2s^Bw,^^(0,n) ) 

+  (4/3)f^^{3^v^,^(i,n)+3w,^^(i,n) )  +  (4/3)f^,(s^Rv^,^(i,n)+sR^w,^(i.n) ) 
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+  (4/3)f^^(s’RV^,^(l,n)  +  s’'P^,^(  l.T)+2sRw,^^(  l.n)  )  +  ( 8/3  )  f  ^  ,  ^(  1 ,  T ) 


.  _2 


+  (8/3)f^2^  (8/3)t'j^(s  Ri*)^,^( i,n)+s  <p^,^(i,n)) 


-  (32/y)h,^(s  ii'^,^(i.n)+sw,^^(i,n))  -  (32/9)h^2<s  Rv^,^(i,n)+sR  w,^^(i,n)) 

-  (32/y)hj^(s^Rv^,j^(  i,n)+s^4>j^,^(  i,n)+2sRw.^^(  i,n) )  I  dn 

-  (4/3)f,^(s^Vc.c<5,0)+sw.--(^,0))  -  (4/3)f,^(s^RW  .„(^,0)+sR^w.  (^.01  ) 

*o  s  ?  26  n  n  rp^ 

-  (4/3)f^g(s^RV>^,^(^,0)+s^i<^^,^(^,0)+2sRw.^^(5,0))  -  ( 4/3 ) f 5,0 ) 

-  (4/3)f2gS^RV^,^{5,0)  -  (4/3)f^^(9"RV^,^(5,0)+s^V^,^(5,0)) 

>  (16/9)h^^(s^V^,^(5,0)+sw,^^(5.0))  +  (16/9)h2g(s^RV^,^(5,0)+sR^w,^(5,0) ) 
+  (16/9)h^g(s^RV^,^(5,0)+s^V^,^{5,0)+28Bw,^^(5,0)) 

-  d^^s^t*>^,^(5,l)  -  d2g9^BV^.^(5,l)  -  dgg(s^RV^,^(5,l)+s^V^,^(5,l)) 

+  (4/3)f^g(s^W^,^(5,l)+8w,^^{5,l))  +  <4/3)f2g(s^RV^,^(5,l)+sR^w.^^(5,l) ) 

+  (4/3)fgg(3^RV^,^(5,U+8^V»^,^(€,l)+28Rw,^^(5,U)  +  (4/3)f^gS^K»^,^l5. 1 ) 

+  (4/3)f2g8^RV^,^(5,l)  +  (4/3)fgg(8^RV^,^(5,l)+8^V^,^{5,l)) 

-  (16/9)h^g(s^V^,^(5,l)+8w,^^(5,l))  -  (16/9)h2g(s^RVr,.rj(5.1)+aR^w,^(5.1)  ) 

-  (16/9)hg^l8^RV^,^(5,l)+s^V^,^(?.l)+2sRw,^^(5,l))  |  d5  =  0  (79) 
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1»+ 


2^2 


nnn 


+  d^^(s  Rv^.^^tsiR^,^^)  -  (4/3)f^g(s 


-  (  Ka^taV,^)  -  I  a„-8d,,*16f ,,  l(a\4a=;,^l 


2^2 


2_2 


-  (4/3)f^^s  -  (Vaif^^s  R  -  (4/3)f^^(a  R 


<16/9)h,2(s^RV5.^^.sRw',^^^)  .  m/^)h,,(sh\^^sR\,^) 
+  (16/9)h2g(3  R  V^’r)r?^3  RVj^,^^+2aR  w.^^)  "  (4/3)f^^3 
{4/3)f2gS  RV^.^rj  ■ 

+  (16/9)h^^(3  V^,^^+sw,^^^)+  (16/9)h2g(s  ®Vq»^p+3  R 
+  (16/9)hgg(3  RV^,^j^+s  V^,^^+2sRw,^^j^) 


+  (  17/3158^V^  -  4/315aw,^  )  }  5w„  d?  dn 


} 


a 


d^g3^v^,^(o,n)  ♦  d2g3^Rv^.^(o,n>  +  dgg(3^Rv^,^(o,n)+3^w^,^(0,n) ) 


-  (4/3)f^g(3^V^,^(0,n)+sw,^^(0.n) )  -  (4/3)f2g(3^RV^,^(0,n)+sR^w,^(0,n) ) 


(4/3)fgg(s  RV^,^{0,n)+8>^,^(0,r7)+23Rw,^^(0,n))  -  (4/3)t\gS  V^,^(0,n) 


-  (4/3)f,,s^RV_.  (0,n)  -  (4/3)f  (s^RVc.n(0,n)+s^4>  ,p(0,n) ) 

26  n  n  s  n  ns 

+  (  16/9)h,  -  )  ■»•  {l6/9)h.As^RW  ,  (Q,n)+sR^w.{0,ri)  ] 

16  q  ^  ss  n  ^1  nn 

*  (  16/9)h^^(s^Rt*)^,^(0,n)+s^V^,^(0,n)+2sRw,^^(0,n)  ) 

-  d^^s>^.^(i.n)  -  d^^s^Rv^.^d.n)  -  d^^(s"Rv^.^(i.n)+s"v^,^(i.n)) 

+  (4/3)e  (s^ip.,.(i,n)*3w  II, n))  +  (4/3)f,  (s^rw  ,„(i,n)+sR^w  (i,n)) 

s  s  sn  n  n  nn 

+  (4/3)f^g(s“RV^,^(  l,n)  +  s^4>^,^(  l,n)+2sRw,^^(l,n)  )  +  (4/3)f^gS^t|)^.^(l.n) 

+  (4/3)f2gS^Rtp^.^(l,n)  +  (4/3)fgg(s^RW^.^(l,n)+s^i#»^,^(l,n)) 

-  (  16/9)h^g(s^ip^,^(l,n)+sw,^^(l,n))  -  (16/9)h2g(s^RV^,^(l,n)+sR^w,^(l,n)) 

-  (16/9)hgg(3^RV^,^(l,r7)+s^4>^,^{l,n)+29Rw,^^(l,n))  |  6v^  dn 

+  I  I  *  d2g(3^RV^,^(C,0)+s^4»^,^(C,0n 

-  -  (4/3)f22{s^RV^,^(?,0)+sR^w,^^(5.0)) 

-  (4/3)f2g(s^RV^,^(?,0)+3^V^,^{?,0)+2sRw,^^(?,0))  -  {8/3){ ^1^,0) 

-  (8/3)f22S^RV^,^(5.0)  -  (8/3)f2g{9^RV^,^(5,0)+s^V^,^(5,0)) 

+  (32/9)h^2(s^V^,^(5,0)+sw,^^(5,0))  +  (32/9)h22(3^%.r]<^’°^*®“^‘'’r]n^^’°'’ 

+  (32/9)h2g(3^RV^,^(5,0)+9^9^,^{?.0)+2sRw,^^{5,0)) 

+  +  (4/3)f22(s^RV^,^(5,l)+sR^w,^(^,l)  > 
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+  (4/3)f2g(s  RV^,^(5.1)  +  s 


+  (8/3)f22S^RV^,^{?.l)  +  (8/3)f,^(s^RV^,^(^.l)+s^i/»^.^{?,l)  ) 

-  (32/9)h^,(s^i#»c,^(5.1)+sw,p^(M))  -  (32/9)h,,(s^RV^,^f?,l)+sR^w.^(5,l)) 


(32/9)h,^(s  RV^,^(?,l)+s  W^.^{?,l)+2sRw,^^(5,l))  >  -5^^  d?  =  0  (80) 


Gaierkin  Equations 


We  apply  the  Gaierkin  technique  by  choosine  three  functions  H>  , 

X 

and  w  which  have  the  following  for*  [16] 


M  N 

HN  (n«  i  ftsl  mn  nin 


where  c  are  undeterained  coefficients  and  the  functions  F  satisfy 

mn  mn 

the  geometric  boundary  conditions.  By  taking  the  first  variation  of 
Eq. ( 81 ) ,  we  obtain 


6X  =  -  6c  +  A  *  6c  ♦ 

IW  ac^^  ''n  ac^2 


=  F  6c  +F  6c  + 
11  11  12  12 


5X  =  6X  +  3-^  6c  3-^  6c  + 
211  IS  ac,.  21  ac,,  22 
21  22 


.  =  5X  +F_  6c_  +F__6c_,+ 

IN  21  21  22  22 


6X  =  6X  +6X  +  3-^  5c,  +  . 

3N  IN  2N  ac^^  31 
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etc. 


(82  ) 


or  M  equations  with  b  x  n  terms. 

The  equations  of  motion  are  of  the  form 


'‘'w  or  Eq.  (  78  )  : 

[  [  {  f(Vp,V'  ,w)  }  5w  d^dn  +  f  {  f ^ 

o'^  0  ’  "^0  ^ 

+  J  (  f(V^,V^,w)  i  5w  d?  +  {  I  6w  =  0 


(83) 


or  Eq. ( 79 )  : 


+  J  {  f(V^.V^.w) 


}  d€  s  0 


{{Vg,V.,v)  }  5ip  dn 

q  n  * 


(84) 


or  Eq. (80 )  : 


f  f  < 

0  ^  ' 

*  1 


}  5v»  d^dn  +  f 

»  5Vy  d?  =  0 


{  f(v^.w^,w)  )  5^^  dn 


(85) 


where  the  integrands  have  been  shown  as  functions  f  in  terms  of  the 
three  variables  and  w.  Each  integrand  is  multiplied  by  the 
first  variation  of  the  variable  that  the  equation  of  motion  describes. 
Using  Eq.(81),  we  will  write  the  admissible  functions  as 
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Iff  (x,y) 

’'mn 


N 


Z 

m  s  1 


N 


z 

n*  1 


A 

mn 


F 

mn 


(x,y) 


J,  B  ^  (x.y) 

y  m* 1  n* I  mn  mn 

H  R 


(86) 


w  (x,y)  =  E  E  C  F  (x,yl 

HN  m«l  nat  mn  mn 


L'sing  Eqs.(82),  (84),  and  (86),  we  obtain 


H  N 


^1  f  f  {  f(Vc,W„,y)  }  F  Sa  d^dn 

■  t  n»l  J_J_  C  n  mn  mn 


0  0 


H  N  1 

+  E  E  r  {  f(Ve,V_,w)  I  F  5a  di? 

m«a  n«l  C  n  '  mn  mn 

0 

H  N  1 

•  .h  I  1  1  F.„«A.,  d?  =  0 


(87) 


In  order  for  Eq,(87)  to  be  identically  zero,  each  individual  tern  of 
each  integral  Bust  be  zero,  since  the  constants  A  are  purely 

m  n 

arbitrary.  Because  each  terB  Bust  vanish,  the  5a  constants  can  be 

mn 

taken  outside  of  the  integration  and  divided  out.  The  following  form  is 
therefore  obtained 


M  N  1  1  H  N  1 

^1  f  f  <  f(lFc.V„,w)  }  F^„  d?dn  +  f  {  f(4»c.Vn.w)  }  P 

mal  n*i  q'' Q  ^  ^  ma  1  n*!  ^  fj  mn 


dn 
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H  N  1 

+!!,[{  f(VciV_.w)  IF  =  0  (88) 

m»ln«1jQ  "'f 

Similar  forms  are  obtained  for  the  other  equations  of  motion.  The 
functions  f  contain  the  undetermined  constants  A  ,  B  ,  and  C  whereas 

iTi  n  in  n  w  n 

the  functions  F  do  not.  Since  the  approximate  functions  are  double 
in  n 

sums  of  ffl  and  n,  and  there  are  three  independent  variables  w,  and 

we  now  have  three  M  by  S  matricies  per  equation  of  motion.  This 

yields  a3xMby3xN  matrix  which  may  be  solved  for  the  undetermined 
constants.  Thus 


/ 

: 

[ai]  [bi]  [ci] 

A 

mn 

^  :  - 

H  M  H 

B 

mn 

w  ; 

[«]  H  [c3] 

c 

mn 

K  J 

Once  the  undetermined  constants  are  found,  they  may  be  substituted  back 
into  the  equations  of  motion  to  give  an  approximate  solution.  However, 
for  this  work  we  are  only  interested  in  natural  frequencies  and  buckling 
loads.  These  solutions  involve  the  formulation  of  an  eigenvalue  problem 
of  the  following  form 
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■[,.]  [a:]  [ci] 

A 

mn 

[a2]  [aa]  [ca] 

►  ^ 

B 

mn 

[a3]  [aa]  [ca] 

c 

mn 

A 

mn 

[xa]  [va]  [za] 

►  * 

B  f 

mn 

[xa]  [va]  [za] 

c 

mn 

(90) 


where  A,  B,  and  C  represent  the  stiffness  terms  and  X,  Y,  and  Z 
represent  the  mass/inertia  terms.  The  mass/inertia  terms  are  separated 
out  from  the  stiffness  terms  so  that  it  may  be  solved  using  existing 
computer  routines. 
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simply 


Simply  Supported  Boundary  Condition  A  plate  which  is 
supported  on  all  four  sides  has  the  following  requirements 


@  X  =  0,  a  : 


w  =  0  =  V 


^  -  <4/3h 


-  <V3h^F^2<’<'y'y*“’yy>  '  ^  ^ ^  1 6  ^ '"x  ’  y ’  X  ’  X  y  ’  =  0 


and 


y  =  0,  b  : 


w  =  0  =  V 

X 


Functions  which  satisfy  the  above  geometric  requirements  (i.e.,  w  s  v 

X 

=  0  §  X  =  0,  a)  are  referred  to  as  admissible  functions.  The  following 

set  of  functions  are  indeed  admissible 


I  ® 

g»  =  S  A  cos(mnx/a)  sin<nny/b) 

X  in"!  n»l  run  ' 

CD  CD 

g»  =  E  E  B  sin(mnx/a)  cos(nTiy/b)  (93) 

y  1  f\a  1  Sin 

OD  <S> 

w  s  E.  E.  C  3in(mTix/a)  sin(nny/b) 

■•1  n»l  mn 

Other  sets  of  functions  could  be  used  in  place  of  Eqs.(93).  The  above 
set  was  chosen  because  trigonometric  functions  are  natural  solutions  to 
harmonic  problems  (such  as  vibrations  and  buckling)  and  are  easy  to 
manipulate  mathematically.  Normalizing  Eqs.(93)  we  obtain 
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'♦'n'ccn  =  ^  sin(inn^)  sLninnrj) 

n  ssH 


'*'r,'cr>r,  =  ^1  ^i  ~®  “*1  ^  coslBn^)  cosifirtr)) 

r]  ^r/T)  m*i  nal  mn  »  i  ^ 


V^ic  =  art  cos(BJr5)  cos{nTni) 

r/(^  fii*in*i  iftn 


•1/ 

T- 

=  E^ 

ma  1 

r 

n  a  1 

-B 

1 

t) 

V 

II 

3 

z 

nat 

-B 

( 

=  I  C  bJI  cosIb^^)  sinlnnr)) 


E, 

E, 

-c 

2*2 

a  n 

ma  1 

nal 

mn 

D 

00 

E, 

mat 

E 

na  1 

-C 

mn 

a  n 

<-0 

oo 

ma  1 

E 

nal 

C 

mn 

4  4 

a  n 

V 

00 

* 

E, 

E, 

c 

*2 

ante 

ma  1 

nal 

mn 

T)  00 

S,  E,  -C  B^nn^  sininif^)  cos(nTrn) 

m»l  n«t  mn  ' 


E.  E.  -C  an  w  cosia^O  sin(ntn7) 
m«l  n«l  mn 


=  E  E.  C  nn  sin(anC)  co9(nTn7) 
msl  nat  mn 

OD  OD 

E  E  -C  sin(aJt5)  9in{nTfT7) 

«■!  n*l  mn 


E,  E,  ~C  n  w  sin(an^)  cosCnJni) 

nal  mn 


’nnnn 


’€€5^7 


s  E  E  C  n  Tc  sinCa^^)  sin(n»tn) 

mat  n«l  mn 

00  00 

3  ^  _ 

:  E.  E,  -C  a  nw  cos(an§)  cosfnJni) 

■■1  nal  mn 

CD  00 

:  E,  E,  C  a^n^tr^  sin(an5)  sin(nnn) 

ma  1  nal  mn 


E.  E.  -C  an  n  co8(aJt5)  cos(nTtT7) 

ma  1  nal  mn 


64 


For  the  equation  of  motion  we  have 


T.  ^  f  ^  (  a  ^-8d  ^  +  16f  ,  )(s  B  mir  cos(inrr^)  cos(nitn) 

mslnalJJ  <5  ^5  <5  mn 

0  0  t 

3 

+  s  RA  nil  cos(inir^)  cos(  nffn)+2s~RC  nn'i'’  cos(n?r?)  cos(n^^)) 
m  n  n>n 

+  (a  -8d^^  +  16f^^  )(-s'A  off  sin(mii^)  s  Ln(  niin ) -s“C  m"!!" 

S5  “BS  SS  Bin  mn 

sinlmTt?)  sin(nnr)))  +  (  a^^-8d^^  +  16f  ){-s^RB  nrr  sin(mn^)  sin(nrtn) 

A  A  44  44  mn 

-s^R^C  n^ir^  sin(mrt?)  sin(nirn))  +  sinlnit?)  sininrtn) 

mn  O  1  mn 

+  V  R'k  C  n^rt^  sin(mn?)  sin(nrtn)  +  N„Rk_C  mnit^  cos(in>i^)  cos(niin)  ) 

0  2  mn  O  3  mn 

+  (4/3)f,.sA  m^Tt^  sin(ort^)  sin(nTtr))  +  (4/3)sRf,_ 

t 1  mn  12 

^  -3  2  3 

B  in“nif  sin(inrt^)  sin(nfrn)  +  {4/3)f .,(-sRA  n  ntr  cos(mTT^)  cosinirn) 

mn  16  mn 

-sB  cos(iiiTt5)  cos(nrtr)))  -  (16/9)h,.(sA  sinlmn?)  sinlnmi) 

mn  1  1  mn 

+C  sinlmTt?)  sin(nTfn))  -  { 16/9 )h, ,( sRB  a^n^^  sinlan^)  sin(nnr)) 

mn  i?.  mn 

+R^C  a^n^iT^  sin(BtCs)  sin(nTfn))-  ( 16/9)h,,(-sRA  iB“n?t^ 

mn  16  mn 

3  3  3  < 

cos(mJt5)  cos(nini)-sB  n  ^  cos(iBnC)  cos(nirn)  ■  2RC  o  nn 

mn  mn 

2  2  3 

cos(nirr^)  cos(nTtn))  +  (4/3)sR  f,,A  an  ir  sinlair?)  sin(nnn) 

12  m  n 

+  (4/3)sR^\^B  n^n^  sinian?)  sin(nJtTj)  +  ( 4/3 ) f ( -sR^A  n\^ 

22  mn  26  mn 

2  2  3 

cos(mn^)  cos(  nTTT})-sR  B  an  it  cos(an^)  cosinitri)) 

HI  n 

-  ( l6/9)h,^(sR^A  an^n^  sinian?)  sin(nnr))+R^C  a^n^it^ 

1 2  mn  mn 

sin(Bii?)  sin(nnn))  -  ( 16/9 )h,-(sR^B  n^n^  sinlaxt?)  sin(nTni) 

2  2  mn 

+R^C  n^it^  sin(air?)  sin(nTcq))  -  (16/9)h  (-sR^A  n^Tt' 
mn  26  mn 

coslan^)  cos(nnT7)-sR^B  an^it^  cosiait?)  cos( nitT7)-2R^C  an  if 
coslaif^)  cos(nini))  -  (8/3)sRf,^A  a^nn^  costait?)  cosinifi?) 

16  m  n 

-  ( 8/3  an^if^  cosimn^)  coslnin?)  +  ^ ^66 * ®^^'^mn 

2  3 

sin  (miff)  sin(  nrrn)+sRB  a  nit  sin  (ait?)  sin(nitT))) 

m  n 

-  (33/9)h  (-sRA  B^nit^  cosiait?)  cos(nirn)-RC  a'nit^  cosiait?)  coslnn^)) 

16  mn  mn 
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-  (32/9)h  (-sR“B  an  cos(mfr^)  cos(n»n7)-R  C  mn'fr 

26  mn 

2  3 

cos(mne)  cosinitT]))  -  ( 32/9 )  ( sR“A  an  n  sin(Brr^)  sin(nrrrj) 

o  o 

■>3  2  2  < 

+sRB  a  nrt  sin(art^)  3in( nfn7)+2R"C  a  n  nr  sin(aTi?)  sin(nrtrj)) 

mn  mn 

+  (  s^C  sin(art^)  sin(nrtr7)  +  16/4032C  sin(art^)  sin(nnrrf) 

mn  »n 

+  16/4032R^C  n^nr^  sinlarc?)  sin< nnrr})-4/315sA  an  sin<ant^)  sin(nnfn) 

mn  nin 


-4/315sRB  nn  sin(an^)  sin(nfni)  ) 

mn 


sin(pTt?)  sin(qnr))  >  d^dn  =  0 


(96) 


where  by  inspection,  the  boundary  teras  are  zero. 

We  now  auitipiy  through  by  sin{ pn5)sin(qnT)) 


S  E  f  f  <  (  a,^-8d^^+16f^^  )(s^B  an  co8(an5)sin(pn^ )  cos(nnn) 

m«t  r\m\  J  J  45  45  45  »n 

0  0  i. 

3  2  2 

sin(qnn)+s  RA  nn  cos(an5)sin(pn5)  cos{nnT))sin(qnT))+2s  RC  ann 
mn  "*“ 

cos(Bn5)sin{pn5)  cos(nnT))ain{qnT}) )  +  (a^g-Bdgg+iefgg  ) 

3  2  2  2 

(-S  A  an  sin(Bn^)sin(pn5)  3in(nnTj)sin(qnT))-3  C  ^  a  n  3in(Bn5 )sin( pn^ ) 

sin(nnT7)3in(qnn) )  +  (  a^^-8d^^+16f ^ .  ){-3^RB  nn  sin( an^ )3in( pn^ ) 

44  44  44  wn 

sin(nnn)sin(qnr7)-3^R^C  n^n^  3in(Bn5)3in(pn5)  3in(nnrj)sin(qnn) ) 

mn 

+  N  k  C  B^rt^  3in<Bn5)sin(pn5)  3in(nnT])3in(qnT7)+  N  R^k  C  n^n^ 

0  1  mn  O  2  mn 

sinlan^lsinipn^)  8in(nnn)ain(qnn)  ♦  co3(Bn5)sin(pn5) 

cos(nnr))8in(qnT])  )  +  (4/3)f^^3A^^  a^n^  3in(Bn5)8in(pn5) 

3in(nnn)sin(qnT))  (4/3)sRf,,B  a^nn^  sin(an5)sin(pn5)  sin(nnr))sin(qnr]) 

12  mn 

+  {4/3)f  (-sRA  a^nn^  cos(an5)sin(pn5)  cos(nnT))sin{qnn) 

16  »n 

-sB^^  a^n^  co8(an^)sin(pn^)  cos(nnr|)sin(qnn) )  -  ( 16/9)h^^(sA^^  a  n 

sin(Bn^)3in(pnf )  3in(nnT])sin(qnT])+C^^  a^n^  sin( an? )sin( pn? ) 

3in(nnn)sin(qnn) )  -  (16/9)h,,(sBB  „  a^nn^  sin(an?)sin(pn?) 

I  c  mn 

sin(nnr|)sin(qnn)+R^C  a^n^n^  3in(Bn?)3in(pn?)  sin(nnr})ain(qnn) ) 

m  n 
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Z  3 

-  ( 16/9  )h, ,  ( -sRA  ■  nn  cos(  nn?  )sin(  pn^)  cos(nJni)sin(qnTi) 

lb  fiin 

3  3  3  4 

-sB  n  n  cos(  inTt^  )sin(  pn? )  cos(nrtn)sin{qirr])  -  2RC  id  nn 

mn  mn 

cos(  )sin{  )  cos(nTrn)sin(qnn) )  +  (4/3)sR^f,,A 

12  (T>  n 

3  3  3 

sin(inn:^  )sin(  prt^  )  sin(nffTq)sin(qrtn)+  (4/3)sR  n  n  sin(mn:^)sin(prr?  I 

2  2  HI  n 

s  in(  n'Tr|)sin(  qnr] )  +  (  4/3  )  t'  ^  ( -sR^A  n^Tt^  cos( ) sin(  pn^  ) 

26  flin 

2  2  3 

cos(  nTtr]  )sin(  qTTn)-sR  B  mn  n  cos(iBW^)sin(  pTf^)  cos(  n^rn )  sin(  qirn )  ) 

HI  n 

-  ( 16/9  )h,  _( sR'^A  sin( mn? )sin(  pn? )  sin(nnr))sin(qTrr))+R^C 

1 2  HI  n  HI  r\ 

sin( mn?  ) sin( pn? )  sin(nnr))3in(qnr7) )  -  ( 16/9)h._(sR^B  n^n^ 

2  2  HI  n 

sin( mn? )sin( pn?  )  sin( nnT])sin(qnn)+R^C  n^n^  3in(mn?)sin(pn?) 

iiin 

sin(  nnr))sin(qnT))  )  -  ( 16/9 ) ( -sR^A  n^n^  cos( mn? )sin{  pn? ) 

26  mn 

2  *^3 

cos{nnr))3in(qnn)-sR  B  mn“n  cos(mn? )sin( pn? )  co3(nnn)sin(qnri) 

HI  n 

-2R^C  mn^n^  cos(mn? )sin(pn? )  cos(nnn)3in(qnT]) )  -  (8/3)3Rf,,A  m^nn^ 
ffin  16  mn 

co3(mn?)sin(pn?)  cos(nnn)sin(qnT))-  (8/3)3R^f,,B  mn^n^ 

26  mn 

cos(mn?)sin(pn?)  cos(nnr))sin(qnT})  +  (8/3)f-.(3B^A  mn^n^ 

66  mn 

sin(mn?)3in(pn?)  sin(nrrn)sin(qnT7)+sRB  i^nn^  sin(mn?)sin(pn?) 

mn 

2  3 

sin(nnn)sin(qnTj) )-  ( 32/9)h,,(-sRA  m  nn  co8(mn?)8in{pn?) 

16  mn 

3  ^  _ 

cos(nnr7)sin(qnT7)-RC  ■  nn  co8(Bn?)8in(pn?)  cos{nnT7)sin( qnrj) 

mn 

-  { 32/9 )h,, ( -sR^B  mn^n^  co8{mn? )8in( pn? )  co8(nnn)sin(qnT7)-R^C  mn^n^ 
26  mn  mn 

co3(mn?)sin(pn?)  cos(nnrj)sin(qnr}) )  -  ( 32/9 )h_- (8R^A  _  mn^n^ 

6  6  m  n 

Z  3 

3in(mn?)sin(pn?)  sin(nnr])8in(qnT7)4-sRB  ■  nn  8in(mn?)sin(pn?) 

mn 

3in(nnrj)8in(qm7)+2B^C  m^n^TC*  sin<mn?)8in(pn?)  sin(nnrj)sin(qnT7) 

mn 

+  (  s^C  8in(mn?)ain(pn?)  sin(nnT))sin(qnT))  +  16/4032C  m^n^ 

mn  mn 

sin( mn? )8in( pn?)  sin(nnn)8in(qnn)+l6/4032B^C  n^n^  sin{mn?)sin(pn?) 

m  n 

sin{nnn)3in(qnr|)-4/315sA  mn  sin(mn?)8in{pn?)  sin(nnT))8in(qnn) 

mn 

-4/315sRB  nn  sin(mn?)sin(pn?)  3in(nnT7)3in{qnT])  )  ?  d?dn  =  0  (97) 

m  n  I 
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We  now  simplify  the  intei^ration  of  the  previous  equation.  The 
following  definite  integrais  will  be  used 

For  m  =  p  or  n  =  q  : 

cos(mJtx)cos(nnx)  dx  =  \/l 

sin(mnx)sin(prtx)  dx  =  1/2  (98) 

sin(  mrtx  )cos(  pJtx )  dx  =  0 
For  m  ^  p  or  n  ^  q  ; 

cos(mffx)cos(pnx)  dx  =  0 

sin( mrtx)sin( pnx )  dx  =  0  (99) 

=0  for  (m+p)  even  integer 
sin(Bnx)cos(pJix)  dx  <  z  z 

{  -p  )  for  (m+p)  odd  integer 

{=  0  for  (m+p)  even  integer 
2  2 

=2p/?t(p  -a  )  for  (m+p)  odd  integer 

The  notation  to  be  used  is 

co3(Bnx)cos(pnx)  dx  =  (  1/2  or  0  )  (100) 

where  the  left  side  indicates  the  condition  of  ■=p  and  the  right  side 
indicates  the  condition  Thus 

I  (1/2  or  0)(l/2  or  0 )  ( s^mn )  ( -a„+8d^^-16f^  J  +  ( l/2or0 )  ( l/2or0 ) 

m«  1  n»  1  |_  55  55  55 

(sm^n^)(4/3f^^-16/9h^^)  +  (1/2  or  0)(l/2  or  0) (sR^mn^Tr^) (4/3f^2‘^®/^^i3 
+8/3f  -32/9h^^)  +  (i/2  or  0)(l/2  or  0 ) ( -4/315w^3Bn )  +  (0  or  0  even, 

2p/Tt(p^-m^)  odd)(0  or  0  even,  2q/Tt(q"-n^)  odd )  (  s^Rnn )  ( a^^-8d^^  +  16f  ^^  ) 


68 


2  2,  2  ’  ’ 

(0  or  0  even,  2p/7r(p  -a  )  odd)(0  or  0  even,  2q/'^(q  -n“)  odd )  ( sRa“n?r '  ) 

(-4f  +48/9h  )  +  (0  or  0  even,  2p/n(p^-a~)  odd)(0  or  0  even, 

I  6  ID 

2q/n(q“-n')  odd )  (  )  ( -4/3t'  ,  +  16/9h^^  )  A 

dt>  26  mn 

+  (1/2  or  0)(l/2  or  0  )  (  s^Rnfr )  ( -a^  +8d^  - 16  f  _  )  +  (1/2  or  0)(l/2  or  0) 

44  44 

(sRm'nrr^)(4/3f,  -16/9h,,+8/3f^^-32/9h,^)  +  (1/2  or  0)(l/2  or  0) 
(sR\^rT^)(4/3f22~16/9h22)  +  (1/2  or  0)(l/2  or  0 )  ( -4/315cJ^sRnrr ) 

(0  or  0  even,  2p/n(p‘"-a^)  odd)(0  or  0  even,  2q/Tr(q^-n")  oddKsart) 

( a^^-8d^^+16f^g )  +  (0  or  0  even,  2p/n(p^-B^)  odd)(0  or  0  even, 
2q/7f(q^-n^)  odd )  ( )  ( 16/9h  )  +  (0  or  0  even,  2p/Tt(p^-m^)  odd) 

1  O 

(0  or  0  even,  2q/rt(q^-n^)  odd)  (sR^mn^n^ )  ( -4f ,,,+48/9h„,,  )  B 

26  26  mn 

+  (1/2  or  0)(l/2  or  0 ) ( )  +  (1/2  or  0) 

56  55  55 

(1/2  or  0)(s^R^n^n^)(-a^^+8d^^-16f^^)  +  (1/2  or  0)(l/2  or  0 )  ( 
+NQR^k2n^Ti^+(j^s^+16/4032w^a^rt^+16/4032u^R^n^n^)  +  (1/2  or  0)(l/2  or  0) 
(rt^(-16/9h,,B^-32/9h,,R^a^n^-16/9h,,R\^-64/9h,,R^a^n^) 

(0  or  0  even,  2p/K{p^-B^)  odd)(0  or  0  even,  2q/K(q^-n^)  odd ) ( 2s^RBnTt^ ) 
(a^^-8d^_+16f^_ ) (0  or  0  even,  2p/n(p^-a^)  odd)(0  or  0  even, 

45  45  45 

2q/Tt{q^-n^)  odd )  { NjjRk^anit^ )  +  (0  or  0  even,  2p/Ti(p^-B^)  odd) 

(0  or  0  even,  2q/Tt(q^-n^)  odd) {64/9n^  )  (h,  .Ra^n+h.-R^an^  )  C  r  =  0 

16  2  b  m  n  I 

(  101 ) 

These  equations  will  be  used  in  a  coaputer  program  where 

LAMl  =  a^pl/  E^h  =  wV  <102) 

is  factored  out  of  the  mass/inertia  aatrix  and  is  found  by  solution 
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of  the  eiaienvaiue  problem  (see  Eq.(90)  on  page  61).  W'e  will  also  use 


l.\yi2  =  aV  E,h-  =  N,y 


(  103) 


N,^  IS  factored  out  of  the  mass/inertia  and  is  also  found  using  the 
eigenvalue  routine.  The  same  terms  will  be  used  in  the  other  equations 
of  motion. 

The  integration  functions  to  be  used  in  the  computer  program  are 
shown  below. 

For  m  and  p: 


FI  =  (1/2  or  0) 


2  2  , 


F3  =  (0  or  0  even,  2p/tr{p  -m  )  odd) 

F5  =  (0  or  0  even,  2m/’t( m^-p^ )  odd) 


(104) 


For  n  and  q: 


F2  =  (1/2  or  0) 


2  2, 


F4  =  (0  or  0  even,  2q/Tr(q  -n  )  odd) 


(  105) 


2  2 


F6  =  (0  or  0  even,  2n/n(n  -q  )  odd) 


For  the  equation  of  motion  we  have 


T  V  1  1  f 

Y.  E  f  r  <  -d  s^A  cos(iBTr5)  sin(ntrr))  -  d,_s"RB  mn^r^ 

Ti3ln«tJJ  11  mn  12  mn 

oof 

2  2 

cos(mn^)  sin(nnT))  +  d.^(-3  RA  mnn  sin(mTt^)  cos(nTfn) 

16  nt  n 

-s^B  m'TT^  sin(m7i?)  cos(nnn))-  ( 4/3 )  f , ,  ( -s^A  cos(m7r^)  sin(nnn) 

•Ttn  i  I 

-sC  m'V^  cos(mrrF)  sin(nTir7))  -  (  4/3 )  f ,  ,( -s^PL  mnn"  cos(mrrF)  sin(nTTn) 

•n  n  1 2  Tfl  n 

-sR^C  mn^fi'  cos(mrt^)  3in(nftn))  ~  (4/3)f  (-s  RA  mntr" 

m  n  1 H  m  n 

?  2  2  2  ? 
sin(m^F)  cos(  nTTr|)-s“B  m  n  sin(mtrF)  cos(  nT03)-2sRC  m  nn 

m  n  I"  n 
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sinlm^P)  cos(nrtn))  -  d.^s  RA  mn^t  sin(inTi^)  cos(nTrn) 

1  V  ff'  n 

-)-)92  ^232 

-  d  s‘‘R“B  n'rr  sin(inrr^)  coslnf^n)  +  ci^,(-s  R  A  n  n 

->  ■?  2 

cos(inrt^)  sin(  nrrr|)-s"RB  onfr"  cos(mr?^)  sin(nTrr]))  -  (4/3)t  (-s  RA 

ifi  n  ID" 

2  2  3 

mn^r  sinlnff^)  cos(n^n)-sRC  a  nrr  sinlnn^)  cos(nTrn)) 

w  n 

-  (4/3)f  (-s^R^B  n^Tr'  sin(fflTt^)  cost  nfTn)-sR'C  n^n' 

26  mn  inn 

sin(on^)  cosln^n))  -  (  4/3  )  { -s^R^A  n'ft^  costmn^)  sin(nrrn) 

6  6  ffi  n 

-s^RB  nnrt^  cos(Brt^)  sin(nTtn)-2sR^C  cos(inrt^)  sintnitn)) 

mn  wn 

-  (  a  -Bd  ^  +  16f  ^  )(s^B  sin(inn^)  cos{nJtT])+s^RC  nn 

454545  mn  mn 


sin(nTr^)  cos(nTrr)))-  (  a^^-8d,-  +  16f^_  ){s  A  cos(iiin^)  sin(nTrn) 

5b  bb  bb  mn 

+s^C  mn  cos(mTt^)  sintnnrj))  +  (4/3)f,,s^A  costmn?)  sinlnni]) 

mn  limn 

+  (4/3)  f.^s^RB  mnn^  costmn^)  sin(nnn)-  (4/3)f  (-s^RA  mnn^ 

12  mn  16  mn 


sintmn^)  cost nTrr|)-s^B  sintnn^)  cos(nnT)))  +  (16/9)h 

m  n 


1 1 


t-s^A  costan?)  sin(nnr))-sC  a^n^  cos(an^)  sintnnn)) 

mn  *n 

+  ( 16/9)h.,(-s^RB  anrt^  costan?)  3in(nTrn)-sR^C  an^n^ 

1 2  mn  mn 

costan?)  sin(nnT7))+  ( 16/9)h,^{-s^RA  ann^  sintan^)  costnnr)) 

16  m  n 

-s^B  a"n^  sin(an^)  cos(n»ni)-2sRC  a^nn^  sintaw?)  costnnn)) 

mn 

+  (4/3)f,^s^RA  ann^  sintan?)  cos(nnn)  +  (4/3)f  s^R^B 

16  mn 

sintan^)  costnnrj)  +  ( 4/3 ) f,, ( s^R^A  costan?)  sintnnn) 

6  6  mn 

-s^RB  ann^  cos(an^)  sintnrtT]))  -  (16/9)h  (s  BA  ann 

mn  ‘6  mn 

2  3  2  2 
sintan?)  cosi nini)-sRC^^  a  n»t  sinian?)  cos(nnri)  )*  (le/BIh^gt-s  R  B^ 

sintan?)  cos(nTtn)-sR^C  sintan?)  cos(nnn))  +  (16/9)h 

mn 


2  2 
T 

2_2 
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-s^R^A  costan?)  sin(nnn)-s^BB  ann^  costan?)  sin(nnn) 

mn 

•2sR^C  an^n^  costan?)  sinttitni))  +  17/315u^3^A  cos(an?)  sin(nnn) 


-  4/315w^sC  art  costan?)  sintnnr)) 

mr< 


cost pn?) Sint qnn)  >  d^dn 


»  X  1 

+  z  I  ! 

m  ■  1  n  ■  1  J 

0 


-d,,s  A 

11  mn 


an  sintO)  sintnnr))  -  d  s  RB  nn  sintO) 

Id  m  n 
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sininTfT))  +  d,^(s^RA  nTt  cos(O)  cos(nrrn)+s^B  nrr  cos{0)  cosin^rn)) 

16  mn  mn 

-  (  4/3  )  f , ,  ( -s^A  mn  sin(O)  sin(nnr))-sC  m"n^  sin(O)  sin(nnn)) 

limn  mn 

-  (  4/3  )  f ,  ^( -s“RB  nn  sinlO)  sin(  nnnl-sR^C  n^n"  sin(O)  sinCnnr))) 

1 Z  mn  mn 

2  2 

-  (  4/3  )  f , ,  (  s'RA  nn  cos(O)  cos(nni7)  +  s‘'B  mn  cos{0)  cos{nnT7) 

1  o  m  n  mn 

+  2sRC  mnn“  cos(O)  cos(nnr)))  +  (8/3>f,,s^A  mn  sin{0)  sinlnnr]) 
mn  limn 

+  (8/3)f  s^RB  nn  sin(O)  sin(nnr))  -  { 8/3  )  f , ,  (  s"RA  nn  cos(O)  coslnnr;) 
12  mn  16  mn 


+s  B  mn  cos(O)  coslnnr]))  +  (32/9)h.,(-s  A  mn  sin(O)  sin(nnr)) 

mn  11  mn 

-sC  m“n^  sin(O)  sin(nnn))  +  ( 32/9)h, _( -s^RB  nn  sin(O)  sininnn) 

mn  12  mn 

-sR'C  n'n"  sin(O)  sin(nnT}))  +  ( 32/9 )h, , ( s^RA  nn  cos(O)  cos(nnn) 

mn  16  mn 

2  2  2  1 
+s  B  mn  cos(O)  cos(nnT7)+2s  RC  mnn  co8(0)  cos(nnT))) 

m  n  mn  I 


cos(O)  siniqnn) 


2  2 

+  d,  s  A  mn  sin(mn)  sin(nnn)  +  d,_s  RB  nn  sin{mn)  ainlnnr]) 

{limn  12  mn 

^  2 

-  d,,(s"RA  nn  coslmn}  coslnnr})^s  B  mn  cosimn)  cosfnnr))) 

16  mn  mn 

-  {4/3)f,,(s^A  mn  sin(mn)  sin(nnT})+sC  m‘’n^  sin(mn)  sin(nnr))) 

11  mn  mn 

-  (  4/3  )f ,  ^(  s^RB  nn  sin(mn)  sin(nnrj)+sB^C  n^n^  sin(mn)  sin(nnr])) 

12  mn  mn 

2  2 

-  (4/3)f.^(-s  RA  nn  cos(mn)  cos(nnT))-s  B  mn  cos(mn)  cos(nnT7) 

16  mn  mn 

2  2 

-2sRC  mnn  cos(mn)  cos(nnT7))  -  (8/3)f,.s  A  mn  sin(mn)  sin(nnri) 

mn  1 1  mn 

-  (8/3)f,,s^RB  nn  sin(mn)  sinCnnr])  -  (8/3)f,-(-s^RA  nn  cos(mn) 

1 2  mn  16  mn 

cos{nnn)-a^B  mn  co8(mn)  cos(nnTj))  +  (32/9)h,,(8^A  mn  8in{mn)  sin(nnr)) 

wn  11  mn 

+8C  m^n^  8in(mn)  sin{nm7))  +  (32/9>h,_{8^BB  nn  sinCmn)  sin(nnr)) 

mn  12  mn 

+8R^C  n^n^  8in(mn)  sin(nnT]))  +  (32/9)h,,(-8^RA  nn  co8(mn)  cos(nnr)) 

mn  16  mn 

2  2  2  1 
-s  B  mn  co8(mn)  co8(nnr))-2s  RC  mnn  cos(mn)  coalnnrj)) 

mn  mn  I 


cos(pn)  sin(qnn) 


dn 
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"0 


1 

0 

sin  (0)  +  d,  (s^RA  n»r  cosimnE.)  cos(OI+s“B  mJr  cos(inrt^)  cos(O)) 

o6  tnn  mn 

-  ( 4/3 ) f , ^  ( -s^A  mn  sinlmn^)  sin{0)-sC  n'n"  sin(inTr^)  sin(O)) 

16  mn  mn 

-  ( 4/3  )  f ( -s"RB  nff  sin(in/f5)  sin(0)-sR^C  n"n~  sin(B?f?)  sin(O)) 

26  mn  mn 

-  (  4/3  )  f , ,  { s^RA  nrt  cosImJt^)  cos(0)+s^B  bw  cos(Bif^)  cos(O) 

66  mn  mn 

+  2sRC  BnTT^  cosIbtt?)  cos(O))  +  (4/3)f„s^A  mTt  sinlan^)  sin(O) 

mn  16  mn 

+  (4/3)f_-S^RB  nn  sin(BJt^)  sin(O)  -  (4/3 ) f,, ( s^RA  nJT  cos(Brr^)  cos(O) 
26  mn  66  mn 

+3^B  an  cos(an?)  cos(O))  +  ( 16/9)h,,(-s^A  an  sintan^)  sin(O) 

m  n  1 6  mn 

-sC  a^n^  sinlan^)  sin(O))  +  ( 16/9)h_,(-s^RB  nn  sin(Bn^)  sin(O) 

mn  26  mn 

-sR^C  sinlan^)  8in(0))+  ( 16/9)h,,{3^RA  nn  costan^)  cos{0) 

mn  66  mn 

+s^B  an  co3(Bn5}  cos(0)+2sRC  ann^  cos(an5)  co3(0)) 
mn  mn  J 

coa(pn5)  sin(O)  j 

r  2  2 

+  A  an  8in(an5)  sin(nn)  +  d_.s  rB  nn  sinlan^)  sin(nn) 

!  16  mn  26  mn 

2  2 

-  d^^{s  RA  nn  co3(an^)  cos(nn)+s  B  an  cos(an^)  co3(nn)) 

66  mn  mn 

2  2  2 
+  (4/3)f,^(-s  A  an  3in(an5)  sin(nn)-sC  a  n  sinlan?)  3in(nn)) 

1 6  HI  n  mn 

+  (4/3)f ,,(-s^RB  nn  3in(an5)  sin(nn)-sB^C  n^n^  sinlan^)  3in(nn)) 

26  mn  mn 

+  (4/3)f^^(s^RA  nn  cos(Bn^)  cos(nn)+s^B  an  costan?)  cos(nn) 

66  mn  mn 

+2sRC  ann^  co8(an^)  cos(nn))  -  (4/3)f,,8^A  an  sin(an^)  3in{nn) 
mn  16  »n 

-  (4/3)f__8^BB  nn  sin(an^)  8in(nn)+(4/3)f  (a^RA  nn  co3(an5)  cos(nn) 

26  mn  oo  mn 

+s^B  an  co8(an^)  co8(nn))  -  ( 16/9)h, .(-a^A  an  sin(an^)  3in(nn) 
mn  16  mn 

-sC  a^n^  sin(Bn^)  aininn))  -  ( 16/9)h_, (-s^RB  nn  sin(Bn5)  ainfnn) 

mn  26  mn 

-aR^C  n^n^  3in(Bnf)  3in(nn))  +  (l6/9)h  (a^RA  nn  cos(an^)  cos(nn) 
mn  66  mn 

2  1 

+s~B  an  cos(mn^)  co8(nn)+2sRC  ann  coslan^)  cos(nn)) 
mn  mn  J 


:  z  f 

il  n»l  J 


-d  s^A  an  sin(Bn5)  sin(OI  -  d^^s' 

16  mn  26 


rB  nn  sin(Bn5) 
mn 
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cos(pTr^)  sin(qTt) 


d?  =  0 


( 106) 


We  now  simplify  the  previous  equation  whereby  sin(O)  =  sin(mTr) 
0  and  cos(O)  =  1.  Thus 


’C  T  11^ 

-d-.s-A  m  rr  cos(mn^ )cos( pJt^ )  sin(n7Tn)sin(qTrn)  -  d  s'" 

iT»*in*ijJiiimn  12 

0  0  1 

2  2 
RB  mnTT  cos( )cos( prr^ )  sin(nnn)sin{qnr))  +  d.^(-s  RA  mnTf'  sin(mTrE) 
fw  n  1  o  m  n 

2  2  2 

cosIpTt^)  cos(  nrrn)  3in(  qtn7)-s  B  m  n  sin(  mn^  )co3(  pTt^ )  cos(nTrn)sin(q7rn)  ) 

fH  n 

2  2  2  3 

-  (4/3)f,  f-s  A  m  n  cos( mJt^ )cos{ pn? )  sin(nTrn)sin(qTrn)-sC  m'n 

1  I  fnn  mn 

cos(arr^)cos(pn^)  3in(nnTj)3in(qnrj) )  -  ( 4/3 ) f .  , ( -s^RB  mnJt^  coslmtt?) 

12  mn 

2  2  3 

cos(pff^)  sin(nJn7)sin(qWJ7)-3R  C  an  n  co3(mTrf  )co8( pn? ) 

fn  n 

sin(n/n7)sin(q»n7) )  -  ( 4/3 ) f  (-3^RA  3in(mJr?)cos(pn5) 

1  o 

2  2  2 

cos(n»Tni3in(qHT})-s  B  m  it  sin{mTr5)cos(pir5)  coslnitJ7)sin(qrr»7)-2sRC 

(nn  mn 

2  3  2  2 

m  nit  sin(mit^)co8(pirC)  cos(nitTi)sin(qJtn) )  -  d,,3  RA  mnit 

Id  mn 

2  2  2  2 

sin(mir5)cos{pit?)  cos(nitn)sin(qin7)-  d_^3  R  B  n  it  3in( mitf )co3( pit? ) 

cD  mn 

2  2  2  2 

cos( n?tn)sin(qitr))  +  d,-(-s  R  A  n  it  cos(aitC)co3(pit?)  3in(nTni)sin(qirn) 

DD  mn 

-s^RB  mnit^  co8{mit? )co8( pit? )  sin(nitT?)sin(qitT7) )  -  (4/3)f  ,,(-3^RA 

fT>  n  1 D  w  n 

2  2  3 

mnit  3  in  (Bit?)  cos  (pH?)  co8(nitT])8in(qJtT))-sRC  a  nit  sin  (ait?)  cos  (pit?) 

Mn 

co8(nitri)sin(qitrj) )-  (4/3)f  (-s^R^B  n^it^  sin  (an?)  cos  (pit?) 

Zd  nn 

3  3  3 

cos(nitT7)8in(qitTj)-aB  C  nit  sin(Bit?)cos(pit?)  co3(nitn)sin(  qitrj) ) 

nn 

-  (4/3)f,,(-8^R^A  n^ii^  co8(Bit?)cos( pit?)  sin(nitT))sin(qitT7) 

DD  fin 

-s^RB  anit^  cos  (ait?)  cos  (pit?)  sin(nitT])sin(qin7)-23R^C  an^it^ 
mn  wn 

cos(mft?)cos(pit?)sin(nitTi)sin(qitn) )-  ( 

3 

cos(pit?)  cos(nitT))sin(qitn)+s  RC  nit  3in(Bit?)cos(pit?)  cos(nitn)sin(qitn)  ) 

fR  n 

-  (  a^^-8d^^  +  16f^^  )(s^A  co8(Bit?)co8(pit?)  sin(nitr])sin(qiin) 

DD  DD  Wn 
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^■s'C  cos(m^?  )cos(  pfT? )  sin(  n^n)sin(  )  )  +  (4/.'3)f  s"A 

mn  '.In 


T  ■> 

rn~ 


cos(  )cos(  )  sin(nTrn)sin(qrrn)+  (4/3)  f^.s^RB  Bn^r'  cos(Bft^) 

I  c  tnn 

2  2 

cos(pn:^)  sin(  n?rn)sin(qffn)-  {4/3)f,.(-s  RA  Bn^  sin(  )cos(  p^^  ) 

lb  m  n 

2  2  2 

cos(  n^n )  s  in(  q^n  )-s  B  b  ^  s in(  )cos(  )  cos(  aTrr) ) sin(  qTtn )  ) 

fn  n 

2  2  2 

+  (16/9)h.J-s  A  art  cos( Brt^ )cos(  pTT^ )  sin(nJtn)sin{q7tr)) 

11  fn  n 

■?  3  .  -7  :> 

-sC  a  Tf  cos( Brt^ )cos(  prt? )  sin{nJnq)sin(qTrn)  )+  ( 16/9  ) h,  ,( -s"RB  anTr" 

m  n  1 2  m  n 

2  2  3 

cos(mTt^)coslpn^)  s^n(nfn^)sin{qTcr|)-sR  C  mn  n  coslmn^jcosl  pn^) 

m  n 

sin(nrrn)sin(qrtT7)  )+  ( 16/9 ) ( -s^RA  ann^  sin( aJt^  )cos(  p^^  )  coslnJrn) 
sin(qTtn)-s"B^^  sin( art^ )cos( pff^)  cos(n»ir7)sin(qTtn)-2sRC^^  a^nJt^ 

sin(  aft^  )cos{  pnO  co3{nfrr))sin(qnr}) )+  (4/3)f.,s^RA  anTt^  sinlair?) 

lb  ffi  n 

cos{pT(^)  cos(  nnrj)sin(  qTTTf)  +  (4/3)f-,s^R^B  n^n^sinl  an?  )cos(  pjr^ ) 

2b  flin 

2  2  2  2 

cos(  nTtn)sin{q»rn)  +  (4/3)f^^(s  R  A  n  n  co8(  aff?  )cos(  pn^ )  sin{nnn) 

b  b  ivin 

sin( qn:rj)-3^RB  an^r^  cos( aw5)cos( pn? )  sin(n»n?)sin(qJn7) )  -  (16/9)h,- 

m  f\  lb 

2  2  2  3 

(s  RA  ann  sin(an? )cos( )  cos ( 0^1)3 in (qTn4)-sRC  a  nn 

mn  fwn 

sin(aTi^)cos(pff?)  cos(nTni)sin(qffn)  )♦  ( 16/9)h_-(-s^R^B  n^n^  sin(BTf?) 

2b  mn 

3  3  3 

cos(prr^)  cos(n»n7)sin(qnT])-sR  C  n  sin(  an^ )cos(  pn? )  cos(n7rr|)sin(qTrr]) ) 

m  n 

+  (  16/9  )h, ^  ( -s^R^A  n^TC^  cos(BnC)cos(p»i5)  sin(nTn7)sin(q7n7)-s^RB  anTi^ 

66  mn  mn 

2  2  3 

cos(a7T?)cos(pK5)  3in(n»TTj)sin(q»ni)-2sB  C  an  Ji'  cos(an5)cos(  pw^) 

in  n 

sin(nTrn)sin(qnT7) )  +  17/315«^3^A  cos(aTr5)cos(pff5)  sin(n7rrj)sin(q?r^) 

mn  ^ 

-  4/315w^sC  an  co8{Bn€)co8(pn5)  sin(nnT])sin(qnn)  ?  d?  dn 


■X)  >10  . 

I  E  f 

ma \  na 1  J 


mn 

1  ^ 


2  _  _  2 

d.^(8  RA  nw  cos(n^)sin(qnT))+s  B  mn  cos{n?n])sin(qrrn)  I 

16  nn  wn 


-  ( 4/3 ) f ( s^RA  nn  coa{nnn)sin(qnr))+s^B  an  cos(nnn)sin(qnn) 

16  mn  mn 

+  2sRC  ann^  cos(nnTj)sin(qnr7) )-  (8/3>f  ,^(s^RA  nn  cos(nnr7)sin(qnr/) 
mn  lb  mn 

2  2 
+3  B  an  C08(nn77)sin(qnr)) )  +  {32/9)h,^(s  RA  nn  cos(nnr)!sin(qnT]) 
mn  lb  mn 

2  2  2 

+s'B  an  cos(nnT7)sin(qnn)+2s  RC  ann  cos(nnn)3in(qnTi) )  } 
mn  mn 
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2  ^ 

-  d  (s  RA  nTT  cos(aiyr  )cos(  pTT  )cos(n^n  lsin(  q/in  )  +  s  B  rnTT  cos(  ott  )cos(  ) 

16  n>n  mn 

cos(nTrn)sin{qTrr]) )+  ( 4/3 )  f ,,  ( s^RA  n»t  cos(  iDTr)cos(  pTf  )cos( nTrn )sin( qTrr’ ) 

To  fn  r\ 

2  ^ 

+s  B  cos(  arr  )cos(  prr  )cos(  nnr])  sin(  qTTH  )+2sRC  mnn"  cos(  )cos(  pfi ) 

mn  mn 

cos(  nnri  )sin(  qJin) )  +  ( 8/3  )  f , ^  ( s^RA  nn  cos(  mn )cos(  pn )cos( n^n ) s in( q^ri] ) 

1 6  m  n 

+  s‘'B  mn  cos(  mn  )cos(  pn  )cos(  nnn)sin(qnn) )  -  (32/9)h  (s^RA  nn 

mn  16  mn 

cos(  mn  )cos(  pn  )cos(  nnrj  )sin(  qnr))+s^B  an  cos(  mn  )cos(  pn  )cos(  nnn  )sin(  qnq ) 

m  n 

2  2  \ 

+2s  RC  mnn  cos(  mn  )cos(  pn  )cos(  nnr))sin(  qnr)) )  >  dn  =  0  (107) 

m  n  I 

Lsin?  the  integration  notation 

E,  i:,  (  r  (1/2  or  0){l/2  or  0 )  ( s  Vn^ )  ( -d,  +8/3f ,  -16/9h, ,  )  +  (l/2or0) 

m»ln»llL  11  11  11 

(1/2  or  0)(3^R^n^n^)(4/3f,^-d^^4-8/3f  ^-16/9h^^)  +  (1/2  or  0)(l/2  or  0) 

(s^(-a^^+8d55-16f^g)  +  (1/2  or  0)(l/2  or  0 )  ( 17/315u^8^ ) 

(0  or  0  even,  2m/n(m^-p^)  odd)(0  or  0  even,  2q/n(q^-n^)  odd) ( s^Rmnn^ ) 
(-2d,,+4/3f,  +16/3f,^-32/9h,^)  +  (0  or  0  even,  2q/n(q^-n^)  odd) 

16  id  16  16 

( l-cos(mn)cos( pn) ) (s^Rnn) (d,,-4f ,,+32/9h,, )  A 

16  16  J 

+  ( l/2or0 )  ( l/2or0)  ( s^Rmnn^ )  (-d^2"'^^g+8/3f  ^^+4/3f  ’ 

(0  or  0  even,  2«/n{B^-p^)  odd)(0  or  0  even,  2q/n(q^-n^)  odd)(s^m^n^) 

(-d,^+4/3f ,--16/9h,,)  ♦  (0  or  0  even,  2m/n(m^-p^)  odd) 

(0  or  0  even,  2q/n(q^-n^)  odd)  (s^)  {-a^g+8d^g-16f ^^ )  + 

(0  or  0  even,  2«/n(B^-p^)  odd)(0  or  0  even,  2q/n(q^-n^'  <>dd) ( s^R^n^n^ ) 

("Cl,^+8/3f,^-16/9h_, ) (0  or  0  even,  2q/n(q^-n^)  odd)(l-cos(mn)cos(pn) ) 

26  26  26 

+  [  (1/2  or  0)(l/2  or  0) (sR^Brt V ) ( 4/3f ^2+8/3fgg-16/9h^2-32/9hgg ) 
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(1/2  or  0)(l/2  or  0 )  {sm'n^ )  { -16/9h^  ^ )  +  (1/2  or  0X1/2  or  OXsm^n) 

( -a._+8cl_,-16f__  )  +  (1/2  or  0)(l/2  or  0 )  ( -4/315<*)^SBn ) 

o  5  5  5  55 

(0  or  0  even,  2fli/Ji(  )  odd)(0  or  0  even,  2q/Tr(q^-n^)  odd )  ( sRB^nTt^ ) 

(4f,,-48/9h,,  )  +  (0  or  0  even,  2B/nr(B^-p^)  odd) 

ID  15 

(0  or  0  even,  2B/rt(B^-p^)  odd)(sR^n^n^)(4/3f  -16/9h_,) 

CO  CO 

2  2  2 
(0  or  0  even,  2q/n(q  -n  )  odd)  { l-co3(Bn)cos( pn)  )  { sRBr.n  ) 

(-8/3f,^+64/9h,^)  1  C  1=0  (108) 

For  the  equation  of  Botion  we  have 

X  V  t  1  f 

I,  f  f  <  -d,_8^RA  BnJi^  sin(Bnf)  cosCnnr])  -  d__3^R^B  n^n^ 

mat  nal  J  J  12  mn  22  mn 

0  0  V 

2  2  2  2  2  2 

3in{B«5)  co3(nini)  +  d,^(-3  R  A  n  ti  co8(BTr5)  sin(nJni)-s  RB  mnn 

2d  mfi  mn 

cos(Bn^)  sin(nnT)))-  (4/3)f,-(-3^RA  Bnw^  8in(Bn|)  coslnnn) 

1 2  mn 

-sRC  B^ntr^  ain(B»iC)  cos(n»n7))  -  {4/3)f__(“S^R^B  sin(B»i5) 

mn  oc  mn 

3  3  3 

co3(nTin)“3R  C  n  n  sin(Bt<[^)  cos(nwr])) 
mn 

-  (4/3)f,,(-s^R^A  cos(mnl^)  sin{nnT])-8^RB  Bnn^  cos(Bn?)  sin(nirn) 

26  mn  mn 

2  2  3  2  2  2  ^ 

-23R  C  Bn  C08(b)t^)  8in(nin7))  -  d,.3  A  m  n  cos(Bn?)  sinlnTcrj) 
mn  15  mn 

2  2  2  2 

-  d^^s  RB  Bnn  co8(Bn^)  8in(nJn7)+  d,,(-8  RA  Bnn  3in(Bn5)  co3(nTni) 

26  mn  66  «n 

-3B  B^Jt^  8in(BA^)  co8(nJn7))  -  (4/3)f,_(-s^A  co3(BTr5)  3in(nTrT)) 

mn  *6  mn 

-sC  B^n^  cos(B»if)  8in(nnr|))-  (4/3)f--(-s^RA  Bnn^  3in(BTr^)  cos(nTni) 
mn  20  mn 

-3^R^C  Bn^w^  co8(B)t^)  sin(n»ni)  -  (4/3)f  (-s^RA  Bnrr^  3in(Bn5) 

mn  60  mn 

cos(nrn7)-8^B  8in(Bn^)  cos(nnT7)-28^BC  rn^nn^  3in(Bn5)  co8(nTn7)) 

mn 

-  (  a  -8d  +16f  )(s^B  3in(BTr5)  co8( nnr))+8^RC  nn  3in(BTtC) 

44  44  44  mn  mn 

cos(nTrri))  -  (  a,_-8d_+16f Xs^A  co8(Bir^)  3in(nnr))+s^C  btc 
^5  ^5  ^5  mn  mn 

co3(Bn5)  3in(nrrn))  +  (4/3)f,^3^RA  Bnw^  sin(B7t5)  co8(nnT)) 

12  mn 
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+  (4/3)f  s'R^B  sin(mTrP)  cosCnfr^^)  -  (  4/3  )  f  ( -s“R^A  n'^r^ 

22  mfl  2^>  mn 


cosIbTtF)  sin(nJTn)-s~RB  mnrr"  cos(mn^)  sin(nT»T)) 

fii  n 

’2  2 
+  (16/9)h  (-s'RA  mnrt  sin{inrr^)  cos{ nfrr] )-sRC  m'nJr'  sin(iiTr?)  cosfnnr))) 

1 2  mn  m  n 

+  (16/9)h  (-s'R^B  cos(  n^ir)  )-sR^C  n^ff'  sinlmft?)  cos(nTrn)l 

22  mn  mn 

+  (  16/9  )h,^  ( -s'R'A  n“n~  cosimff^)  sin(  nTtn)-s"RB  nnTr^  coslmn^)  sin(nTrr)) 

36  mn  mn 

-2sR^C  cos(art^)  sin(nfrn))  +  (4/3)f,^s^A  cos(mn^)  sin(nTin) 

mn  16  mn 

+  (4/3)f  s’RB  innTr”  cosian^)  sin(nJfn)  +  ( 4/3 )  f,,  ( s“RA  mnn^  sinlmn^) 

26  mn  66  mn 

cos(  n'Tn)-s''B  sinlmTr^)  cos(nnn))  +  (16/9 )  h, ,  ( -s^A 

mn  16  mn 

cos(inn^)  sin(nfrn)-sC  m'Ti^  cos(«Jt^)  sin(nJrn))+  { 16/9)h_,  ( -s^RB  mnTi^ 

mn  26  mn 

2  2  2  3 

cos(b^^)  sin(nAn)-s  R  C  an  Tf  cos(aw^)  sinln^T])) 

m  n 

+  (16/9)h  (-s^RA  anrt^  sinlB^t^)  cos( nJni)-s^B  sin(an?)  cos(nTtn) 

66  mn  mn 

-2sRC  a^nTt^  sin(aJt5)  cos(nf'fn))+  {  17/315s^B  sinlan?) 

mn  mn 


cos(nnn)  -  4/315sC  nn  sinia^C)  coainf^)) 

mn 


sin(pTt^)  coslq^rt))  >  d§dn 


+  E  E  f  \  I  -d.^s^A  art  sin(O)  sin(nnTj)  -  d  s^RB  sin(O) 

m»l  n»l  J  ^  L 

sin(nrrr))  +  d,,(s^RA  n»t  co8(0)  cos{nTrn)+s^B  an  cos(O)  cos(nnTj)) 

66  mn  mn 

-  (4/3)f  (-s^A  an  sin(O)  sin(nnT])-sC  a^n^  sin(O)  sin(nnn)) 

16  mn  mn 

-  (4/3)f  (-s^RB  nn  sin{0)  sin(nnn)-sR^C  n^n^  sin(O)  sin(nnr))) 

26  wn  mn 

-  (4/3)f  ,(s^RA  nn  co8(0)  cosCnnrjl+s^B  an  co8(0)  coslnnr)) 

66  mn  mn 

+2sRC  ann^  cos(O)  co8(nnn))  +  (4/3)f,^s^A  an  sin(O)  sin(nnr|) 

mn  i6  wn 

+  (4/3)f,^8^RB  nn  8in(0)  sin(nnT7)  -  (4/3)f,, (s^RA_„  nn  cos(O)  cos(nnn) 
26  mn  66  mn 

+s^B  an  coa(O)  co8{nnn))+  ( 16/9)h,^(-s^A  an  sin(O)  sin(nnn) 

mn  *6  mn 

-sC  B^n^  sin(O)  sintnnr]))  +  ( 16/9 )h,^ ( -s^RB  nn  sin(O)  sin(nnT]) 

mn  26  mn 

-sR^C  n^n^  sin(O)  sin(nn7i))+  (16/9)h,- (s^RA  nn  cos(O)  cos(nnT]) 

mn  mn 
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2  ,  ■*  "I 

+s  B  cos(O)  cos( nTtn )+2sRC  mnn  cos{0)  cos(nTrn))  I 

mn  inn  J 


sin(O)  cos(q7tn) 


>  2 
d,^s  A  mn  sin(inn)  sin(nnn)  +  d^,s  RB  nrr  sinlmn)  sinlnnij) 

ibmn  — 


26  mn 


-  d^^(s  RA  nfr  cos(inTt)  cos(  nTrrD+s-B  btt  cos(inTr)  cosinnrj)) 

bb  mn  mn 

2  2  2 

-  (4/3)f,,(s  A  fflff  sinlmTi)  sin( nTir) )+sC  b  n  sin(BTi)  sinlnTrr])) 

16  mn  mn 

-  { 4/3  )  t’  ,  { s^RB  nn  sin(an)  sin(nJrr7)+sR^C  n^n^  sin(Bn)  sin(nnri)) 

2b  mn  mn 

2  2 

-  (4/3)f.^(-s  RA  nTT  cos(Btt)  cos(nnT))-s  B  mn  cos(Bn)  cos(nTrn) 

b6  mn  mn 

2  2 

-2sRC  mnrt  cos(BTt)  cosInJrr)))  -  (4/3)f.^s  A  mn  sin(BTr)  sinlnTtn) 
mn  16  mn 

-  (4/3)f^^s'RB  nn  sinian)  sin(nirn)  “  ( 4/3 )  ( -s^RA  nn  coslan) 

2b  mn  66  mn 

2  2 
cos(nnn)-s  B  an  coslan)  cos(nnT7))+  (16/9)h.^(s  A  an  sin(Bn)  sintnnn) 

m  n  1 6  m  n 

+sC  sin(Bn)  sin(nTrr)))  +  ( 16/9)h_, ( s^RB  nn  sinian)  sin(nnr)) 

mn  26  mn 

+sR^C  sin(an)  sin(nnn))  +  ( 16/9)h,,(-s^RA  nn  cos(Bn)  cos(nnri) 

m  n  6  6  m  n 

-s^B  an  cos(an)  cos(nnT))-2sRC  ann^  cos(an)  cos(nnT])) 
mn  mn 


;in{pn)  cos(qnn) 


T  X 

I  E  I 

fs*  \  n  *  1  J  ^ 


2  2 
-d.,s  A  an  3in(an^)  sin(O)  -  RB  nn  sinian^) 

1 2  mn  22  mn 


sin(O)  +  d,^(s^RA  nn  cosian?)  cos(0)+s^B  an  cos(an5)  cos(O)) 

2  6  m  n  m  n 

-  (4/3)f .,(-s^A  an  8in(an5)  3in(0)-sC  a^n^  ainlan^)  sin(O)) 

1 2  mn  mn 

-  (4/3)f^,(-3^RB  nn  sin(an5)  3in(0)-3R^C  n^n^  3in(an^)  sin(O)) 

22  mn  mn 

-  (4/3)f,, (s^RA  nn  co8(an^)  co3(0)+3^B  an  co8(an5)  cos(O) 

26  mn  mn 

+23RC  ann^  cos(an^)  co3(0))  +  (8/3)f,,3^A  an  3in(an5)  3in(0) 
mn  i2  mn 

+  (8/3)f^^s^RB  nn  3in{Bn^)  3in(0)  -  ( 8/3 ) f ( 3^RA  nn  co3(an?)  cos(O) 
22  mn  2b  mn 

+s^B  an  coslan^)  co3(0>)+  (32/9)h,,(-3^A  an  3in(an?)  sin(O) 

mn  12  mn 

-sC  a^n^  sinlan^)  sin{0))  +  (32/9)h__{-3^RB  nn  sinlan^)  sin(O) 
mn  22  mn 
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-sR  C  n  rr  sin(mTr^)  sin(0))+  (32/9)h^^(s  RA  htt  cos(mTt^)  cos{0) 

fnn  w6  mn 

+  s^B  in?r  cos(inTt^)  cos{0)+2sRC  coslaur^)  cos(O)) 

mn  mn 

r 

I  s  in(  pTT^  )  cos(  0  ) 

L 


r 

+■  I  d,.s  A  mn  sinlmn^)  sin(nn)  +■  RB  nn  sin(inTr^)  sin(nTT) 

|_i2mn  22mn 

2  2 

+  d,^(-s  RA  n?f  cosImTi^)  cos(nrt)-s  B  mn  cos(innf)  cos(n?t)) 

2  b  fT>  n  n>  n 

2  2  2 

-  (4/'3)f,.(s  A  mrt  sin(inn^)  sin(n»t)+sC  m  n  sin(mJT€)  sin(nTr)) 

1 2  vn  n  in  n 

-  (4/3)f  (s"RB  nrt  sinlmn^)  sin(nn)+sR"C  n^n^  sinlmTr^)  sin{n7’r)) 

2  2  in  n  tn  r\ 

2  2 

-  (4/3)f_,(-s  RA  nTi  cos(an^)  cos(nn)-s  B  ■«  cos(mTc^)  cos(nn) 

2b  mn  mn 

-2sRC  mnfi^  coslan^)  cos{nn))  -  (8/3)f,,s^A  in  sinlan?)  sin(nn) 
mn  1 2  mn 

-  (8/3)f__s  RB  nn  sin{mn^)  sininn)  -  ( 8/3 ) f . . ( -s^RA  nn  coslan^) 

2  2  mn  2d  mn 

2  2 
cos(nn)-s  B  nn  coslmn^)  cos(nn))  +  (32/9)h.^(a  A  an  sin(mn5)  sin(nn) 

mn  12  mn 

+sC  B^n^  sin(tn5)  sin(nn))  +  (32/9)h,,(s^RB  nn  sin(tn5)  sin(nn) 
mn  22  mn 

+sR^C  n^n^  sinian^)  sin(nn))+  (32/9)h,, (-s^RA  nn  coslan^)  cos(nn) 

m  n  2d  mn 

-s^B  an  cos(Bn^)  coa(nn)+2sRC  ann^  cos(Bn^)  co3(nn)) 

mn  mn  I 


[  sin(pn^)  cos(qn) 
L 


=  0 


(  109) 


We  now  will  siaplify  the  above  by  using  sin(O)  =  sinlan)  =  0  and 
cos(O)  =  1  to  yield 

Tl  D  Ilf' 

r,  £  f  f  <  -d,_s^RA  ann^  sin(an^)sin(pn5)  cos(nnr))cos(qnn) 

m*  1  n*  I  J  J  _  I  12  mn 
0  0  V 

-  d^^s^R^B  n^n^  sin(an5)sin(pn^)  coslnnnlcosiqnn)  +  d_-(-s^R“A  n“n'' 

2  2  mn  2b  mn 

2  2 

cos( mn^ )sin( pn^)  sin( nnT7)cos(qnn)-s  RB  ann  co3( an? )sin( pn^ )  sin(nnn) 

m  n 

cosiqnn))-  ( 4/3)f . ,(-s^RA  ann^  sin( an? )sin( pn? )  co3( nnn )cos( qnrj ) 

12  m  n 
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-sRC  sin(Bif?)sin(  pJT?)  cos(  nTrn)cos(  qnrj)  )  -  { 4/3  )  f  ( -s'R“B 

mn  2Z  mn 

sin(  )sin(  pTf^ )  cos(  nTfil  )cos(  q7^^  )-sR^C  sin(  btt^  )sin(  pff^ ) 

m  n 

cos(nffn)cos(qTtr])  )-  {  4/3  )  f  ( -s“R”A  cos(  niTT^  )sin(  prt^  ) 

2d  ff)n 

2  2 

sin(  nJtnicosIqJ’rnl-s  RB  mnTT  cos(  0^5  )sin(  pn^ )  sin(  nTrn)cos(qrtr)) 

fn  n 

2  2  3  2  2  2 

-2sR  C  mn  cos(  )  sin(  p^r? )  sin(nnil)cos(q7Tn)  )  -  d  A  m 

ifl  n  1 6  m  n 

2  2 

cos(mn5  )sin(  pn^  )  sin(  nTrr7)co3(qirn)-  d_,s  RB  mntt  cos(  mir^  )sin{  pn^ ) 

2d  nn 

2  2 

sin(nrtr))cos(qTrr])+  d,,(-s  RA  an^  sin(mn5)sin(  pJt^)  cos(nTrn)cos(qTrn) 

OD  fnn 

2  2  2  2  2 

-sB  m  TT  sin(mft^)sin(prt5)  cos(nitn)cos(qnn) )  -  (4/3)f.^(-s  A  m  n 

w  n  1 6  m  n 

3  3 

cos( mti^ )sin( pTt^ )  sin{nTrri)cos(qnT])-sC  b  n  cosimJiClsinCpn^) 

fn  n 

2  2 

sin(nrtrj)cos(qJrn) )-  (4/3)f^^(-s  RA  an/r  sin(Brt5)sin(prtf )  cos(nm7) 

2d  mn 

cos(qfn7)-s^R^C  cos(aJr5 )3in( pw?)  sin(n«T))cos(qtrn)  -  (4/3)f^^ 

fn  n  6  D 

2  2  2  2  2 
(-S  RA^^  BnJi  sini BJt^ )sin{ prt^ )  cos(nrtT7)co8(qJrn)-s  b  n 

2  2  3 

sin(Bn5)sin(pn5)  cos(n»n7)cos(q»rr))-2s  RC  a  nn  3in(Bn?)sin(pn5) 

flin 

cos(nTir))cos(qJni) )-  (  a^^-8d^ -  +  16f  . .  )(s^B  sin(BTt5)sin(pJt5) 

4^  44  44  mn 

cos(nrrr|)cos(qrtn)+s^RC  nJt  sin(Bn?)8in(pTt5)  cos(nnT7)cos{qnn) ) 

mn 

4  3 

-  (  a^^-8d^^  +  16f )(s  A  co8(BW?)8in(p«5)  3in(n»rr?)co3(qnT7)+s  C  mn 

4d  4d  4d  mn  mn 

co8( an^ )sin{ pn^ )  8in(nnn)co8(qnT7) )  +  (4/3)f,_3^RA  ann^  sin( an? )3in( pn^ ) 

1 2  m  n 

cos(nnrj)cos(qnn)  +  (4/3)f,,3^R^B  n^n^  3in(Bn^)sin(pn5) 

22  mn 

2  2  2  2 

cos(nnn)co8(qnrj)  -  {4/3)f,^(-8  BA  n  n  co3(Bn5)3in(pn^)  sin(nnT)) 

2p  mn 

2  2  _ 

co8(qnn)-s  RB  ann  co8(Bn|)8in(pnC)  sin(nnr))cos(qnr)) ) 

mn 

+  { 16/9)h.,(-8^BA  anJ*^  ainfanf )3in(pn5)  co8(nnTi)co8(qnri)-sRC  a^nn^ 

12  mn  mn 

sin(BnC)8in(pn5)  co8(nnn)cos(qni7) )+  (16/9)h  (-3^R^B  n^n^ 

2  2  m  n 

3  3  3 

sin(an5)8in(pn5)  co8(nJrn)co3(qnT))-3B  n  n  sin(Bn5)sin(pn5) 

2  2  2  2 

cos(nnn)co3(qnn) )+  {16/9)h^^(-s  R  A  n  n  cos(an?)sin(pn^) 

2d  m  n 

sin(nnr))cos(qnn)-s^RB  ann^  C03(an5)sin(pn5)  sin{nnT7)cos(qnr)) 

mn 

-2sR^C^^  an^n^  cos{ an^  )8in( pn^)  3in(nnT))co3(qnT]) )  +  (4/3)f^gS  a  n 
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cos(  mTt? )  sin(  )  sin(nTrn)cos(qTrr})+  (4/3)f,.s‘RB  innnr'  cos(nin^) 

2b  mn 


sin(pr^)  sin(  nffr)  )cos(  qrrri )  +  (  4/3  )  t'  ,  (  s'RA  mnit"  sin(  )  s  in(  ) 

b  b  fT^  n 

2  2  2 

cos(  nnr7)cos(  q^n)-s  B  m  n  sin(  aTf^  )sin(  prr^  )  cos(  n^n  )cos(  qnr])  )  + 

mn 

2  2  2  3  ? 

(  16/9  )  h,  ( -s  A  in"n  cos(  mTr^  )sin(  pff^  )  sin (  nTrr] ) cos (  qTrn  ) -sC  o 
1  b  m  n  m  n 

cos(  )sin(  prt^  )  sin(  nTtn)cos(qftn)  )+  (  16/9  )  ( -s^RB  ninn“ 

26  mn 

2  2  2  3 

cos( ) sin(  prt^  )  sin{nffT7)cos(qrtn)-s  R  C  Bn“Ti  cos(  )sin(  pJt^  ) 

mn 

s  in(  nJTH  )  cost  qfrn )  )  +  (  16/9  )  h  ( -s^RA  mnn^  s  in(  )  s  in(  pn^  )  cos(tinq) 

DO  m  n 

2  2  2  2  3 

cos(q7tn)-s  B  m  TT  s in( )sin( p>t^ )  cos(n>i'n)cos(qnT))-2sRC  m  nrt 

m  n  m  n 

sin(  )  sin(  prt^  )  cos(  nfin)cos{qnr7) )+  (  17/315s^B  sin(  )  sin(  prr^  ) 

m  n 


cos(nnr))cos(qfTr])  -  4/315sC  nffsinlan^  )sin(  pn^  )cos{  nJrr))cos{  qnn) )  >  d^dn 

mn  I 

X  »  1  f  ^ 

+  Z  E  r  <  d^,  (s  RA  nn  cos(Bff?)sin(pJr5)+s^B  mn  cos(Bn^)sin(pn5) ) 

m«l  n»l  J  26  mn  mn 


-  {4/3)f^^(s  RA  nn  cos(Bn5)sin(pn5)+s‘'B  mn  cos( mn^ )sin( pn^ ) 

26  mn  mn 

+2sRC  mnn^  co3(mn^)sin(pn5) )-  (8/3)f ,, (s^RA  nn  cos(Bn^)8in(pn5) 

mn  fcb  mn 

+s^B  mn  cos(mn^)sin(pn§) )+  ( 32/9)h., (s^RA  nn  cos( mn? )sin( pn? ) 
mn  2b  mn 

i>  2 

+s“B  mn  cos{mn?)sin(pn?)+2sRC  mnn  co8(mn? )sin( pn? ) ) 

m  n  m  n 

2  2 

*  d^^(-s  RA  nn  cos(mn?)sin(pn?)  cos{nn)co8{qn)-s  B  mn  coslmn?) 

26  mn  mn 

sin(pn?)  co3(nn)cos(qn) )-  (4/3)f_,(-s^RA  nn  cos{ mn? )sin( pn? ) 

2b  mn 

2 

cos(nn)cos(qn)-s  B  mn  co8(mn?)sin(pn?)  cos( nn)cos( qn) 

m  n 

-2sRC  mnn^  cos(Bn?)8in(pn?)  co8(nn)cos(qn) )-  (8/3)f  (-3^RA  nn 

mn  2b  mn 

2 

cos(mn?)sin(pn?)  cos(nn)co8{qn)-3  B  mn  co8(in?)8in(pn?) 


cos(nn)cos(qn) )+  (32/9)h_-(-3  RA  nn  cos(mn?)sin{pn?) 

2b  mn 

2 

cos(nn)cos(qn)-s  B  mn  co8(mn?)3in(pn?)  cos{nn)cos( qn) 

m  n 


+2sRC  mnn  cos(mn?)sin(pn?)  co3(nn)cos(qn) )  >  d?  =  0 


(110) 


U3ing  integration  notation  we  have 


82 


t'  T  r  r  -7  7 

S,  \  (1/2  or  0){l/2  or  0  )  ( s^Rinnrr“ )  ( -d,  ,+8/3t'  -d^^  +  4/3f  + 

n>*  1  n»l  12  1  2  66  26  66 

-16/9h_-l6/9h,,  )  +  (0  or  0  even,  2p/^(p“-in')  odd) 

12  6  6 

(0  or  0  even,  2n/Tt(n^-q^)  odd  )  (  s'R^n'n^  )  ( -d^  +8/3f  ,  +4/3 1’  ^  -  l6/9h,^  ) 

-6  2b  66  26 

9  p  2  ^  0^2 

(0  or  0  even,  2p/^(p~-in~)  odd)(0  or  0  even,  2n/i'r(n  -q" )  odd )  (  s'iii't  ) 

(  ~d, , +8/3f , , -  16/9h„  )  (  0  or  0  even,  2p/Ti{  p^-m^  )  odd) 

16  16  16 

(0  or  0  even,  2n/^(n^-q“)  odd ) ( +8d^, -  16f ) 

^6  ^6  ^6 

2  2  2  ^ 

(0  or  0  even,  2p/Tt(p  -m  )  odd)(0  or  0  even,  2n/Ti(n  -q')  odd )( 1-cos ( nJi ) 

cos(  qTf )  )  (  s'Rntt  )(d.,-4f.,  +  32/9h,,  )  A 

26  26  26  J  mn 

+  (1/2  or  0)(l/2  or  0 )  ( s'R^n^rr^ )  ( -d^^+S/Sf  22-16/9h^2  >  ^  or  0) 

(1/2  or  0)(s^in^Jt^)(-d,,+4/3f,,-16/9h^^)  +  (1/2  or  0)(l/2  or  0){s^ 
(-a^^+8d^^-16f^^)  +  (1/2  or  0)(l/2  or  0 ) ( 17/315w^3^ )  +  (0  or  0  even, 
2p/TT(p^-m^)  odd)(0  or  0  even,  2n/n{n‘-q^)  odd)  ( s^Rann^  )  ( -2d2g+4f 
-32/9h.^+4/3f,, )  +  (0  or  0  even,  2p/n(p^-B^)  odd)(0  or  0  even, 

2n/Ti(n^-q^)  odd )  ( l-cos(  n«  )cos(  qJf ) )  ( )  (  ( d  -4f  +32/9h  )  B 

26  26  26  fnn 

+  (1/2  or  0)(l/2  or  0) (sRa^nn^ ) ( 4/3f ,  +8/3f  , -16/9h,  -32/9h, ,  ) 

12  6o  12  66 

+  (1/2  or  0)(l/2  or  0) ( sR^n^n^ ) (4/3f22-16/9h22 )  +  (1/2  or  0)(l/2  or  0) 

(s^RnTr)(-a^^+8d^^-16f^^)  +  (1/2  or  0)(l/2  or  0)  (-4/315w"snn) 

2  2  2  2  2  2  3 

(0  or  0  even,  2p/Ti(p  -■  )  odd)(0  or  0  even,  2n/Tr(n  -q  )  odd)(sR  an  n  ) 

( 4t\^-48/9h_- )  +  (0  or  0  even,  2p/»f(p^-B^)  odd)(0  or  0  even, 

26  2d 

2n/Tr(n^-q^)  odd)  ( s«^n^ )  ( 4/3f  ,,-16/9h,^  )  ( 0  or  0  even,  2p/Tr(p^-B“)  odd) 

16  16 

(0  or  0  even,  2n/7r(n^-q^)  odd ) ( s^aTf )  ( -a^^+8d^^-16f ^^  )  ( 0  or  0  even, 

2p/TT(  p^-m^  )  odd )  { l-cos(  nil  )cos( q»f ) )  ( sRann^  )  ( -8/3f  2^+64/9h^^  )  ^ 

(111) 
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Claaped  Boundary  Condition  A  plate  which  is  clamped  on  all  tour 


sides  has  the  following  requirements 
@  X  =  0 ,  a  : 


w  =  (Jf  = 

y  y 


=  0 


and 


@  V  =  0 ,  b  : 


w  =  ip  =  '4' 

X  y 


=  0 


We  choose  the  following  set  of  admissible  functions 


^  =  T  1  A  sin(a>rx/a)  3in(n>ry/b) 

X  (n«l  n»l  mn 


V  =  B  3in(mWx/a)  sin(nTrv/b) 

y  m« 1  n« 1  mn 


X)  ro 


w  s  S,  E,  C  sin{«nx/a)  sin(n»iy/b) 

m»l  n«l  mn 


Normalizing  Eq.(114)  we  obtain 


<v 


=  E,  A  sinlmii?)  sinlnTit]) 
^  n«t  mt% 


■*»  OD 

=  E,  E.  B  sinlaJi?)  sin(n»ni) 
n  «•!  nal  mn 

rD 

w  =  E.  E.  C  sinlaJf?)  sinlnJin) 
m«t  c\st  mc\ 


We  next  calculate  the  needed  derivatives 


ip.,_  s  E.  E  A  a»t  co3(miT?)  sin(nrrrj) 
m»l  n»l  mn 


(112) 


( IIJ  I 


(114) 


(  115) 


V  T 

sin(mn^)  sin(nT^I) 

V  (ns  1  n»  1  ?nn 

V  Y 

'^'c’cec  =  ■■'  cos(iBn^)  sin(nfTn) 

%  m*Tn*lmn 

T>  Y 

'l>c^er,  ~  •■'  onJt"  coslfflJ^O  cosInJtrj) 

^  ^fj  m«  1  n»  1  mn 

T  T- 

'^'c'ccr,  =  ®  nJi  sinlmn^)  cos(nnn) 

s  ssO  m*  I  n*  I  mr\ 

Y 

2  3 

'^'c’cnr,  =  "A  ®r>  co3(iB»r^)  sin(niTn) 

s  s^n  m*  t  n* 1  mn 
t>  T 


^'n 

=  E  E 

mat  n*  t 

A 

mn 

nn  sinlmii^)  cos(n:tn) 

Y  V 

■>  2 

o“rt  sin{«w5) 

'*'5’nn 

=  E  E  - 

ma  1  na  1 

"A 

mn 

sin( n^n) 

t  r 

'^’rnnn 

=  E  E  - 

m«  t  na  1 

vA 

mn 

3in(BJr5) 

cos(  nJTT}) 

X  x> 

^n'n 

=  E  E 

mat  nat 

B 

mn 

nfr  sin(«>r5)  coslnrrrj) 

X  V 

%'nn 

=  • 
mat  nat 

-B 

mn 

sinlBifC) 

sin(nnr)) 

1 

n  nrm 

1'  ‘Xi 

a  E  E  ■ 

ma  t  nat 

-B 

mn 

sin(BTi5) 

cos(  nnr)) 

^  -T 

'^n'^n 

a  E  E 

mat  nat 

B 

mn 

Bn»t^  coslan?) 

cos(nTrn) 

T'  T) 

2  3 

=  E.  E,  -B  ■  n»t  sinlaTT^)  cosCnnrt) 

n  fFrj  mat  nal  mn 

~B  ■n''»f  cos(ii?r5)  sxn(n?n7; 

'll  .'O 

B  cos(*Tf5)  sinlnffH) 

n  5  «•!  n»t  mn 

■V  ‘X 

w  =  E.  E  -B  ■  w  3in(«n5)  sin(nTtn) 

n  ss  "“i  **' 

XI  Xi 

w  ,---  a  E,  E  -B  cos(«n5)  sin(nTrn) 


w . 


P 

-» 


w 


T  T 


=  I 

m« 


I 


n^t 


c 

mn 


V  T 


=  z 

m*  1 


E 

na  1 


-c 

mn 


mn  coslmn^)  sin(n7rn) 

2  2 

■  n  3in(BTr5)  3in(nTrr}) 


(116) 
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T  T 


= 

E 

m*  t 

1 

n*  1 

-c 

mn 

<  < 
m  tt  ' 

cos(  ) 

sin( nnq) 

■p 

r 

V 

m  >  t 

z 

n  a  1 

c 

mn 

*.  4 

n  JT 

sin{  mTT^ ) 

sinl  nTTrj) 

T 

x 

= 

E 

mat 

z 

n*  1 

C 

mn 

onTf  “ 

cos(an^ ) 

cos(  nnrj) 

t 

2  3 

‘^.ccn  ■  ®  n'f  sin(anr^)  cos^n^r?) 

SSW  *  n«i  fi»n 


T  T 

”’?r7rj  =  m^i  n^t  co9(.Tr?)  Sin(nnn) 

tt  T' 

“’n  ■  -.^1  sin(»n?)  cos(nflT)) 

«/  ma  I  n«  i  mn 

X  tv 

^'nrj  =  J,  n^i  sin(.nO  sininnn) 

X)  X 

‘^’rTTTT?  =  n^i  sin(«Tr5)  coslnnn) 

X  X 

'^’nnrtn  ~  ^  8in(a»r5)  sin(nffT7) 

rTrjTTrj  m*t  n*l  mn  \  • 

x  x 

n?i  cosf.ffO  cos(n»rn) 

X  n 

’'•ecnn  "  n?t  sin(inf)  sinInnT)) 

■X  'X> 

’^’erTHTj  *  Ji  n?t  co8(.n?)  cos(nnn) 


For  the  6w  equation  of  aotion  we  have 

nSl  J  I  {  <  ’<®\n  COSlm?)  sin(nnn) 

0  0  \ 

3  2  2 

+3  RA  nw  sin(aft^)  co8(nJn7)+2s  RC  ■nn  cosimn^)  cosfnnn)) 
mn  mn 

+•  )(*^A  mn  cosimn^)  sininnrjj-s^C  m^n^ 

55  55  55  mn  mn 

sin{Bn5)  sin(n«Ti))  ♦  (  a^  .-8cl^,  +  16f )(3^RB  nn  sinian?)  cos(nTrn) 

4  ^  4  4  4  4  mn 

-s^R^C  sin(«Tt€)  sin(nnrn))  ♦  N„k  C  m^n^  3in(Bn?)  sininnri) 

mn  0  1  mn 

+  .V„R^k_C  sinCan^)  sin(nnn)  ♦  N„Rk,C  ann^  cos(Bn?)  cos(nnn)  ) 

0  2  mn  0  3  mn 

-  (4/3)f,  sA  a^Ti^  cos(Bn^)  3in(nnn)  -  (4/3)3Rf,_ 

1 1  mn  1 2 
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^3  2  3 

B  m  nn  sinlmfr?)  cosInJtn)  +  (  4/3 ) f  .^  ( -sRA  o  nTf  sin(anP)  cos(nTrn) 

fw  n  1  o  w  n 

3  3  3  3 

-sB  ffl  n  cos(an^)  sin(nTrni)  -  ( 16/9)h, ,  (-sA  a  n  cos(an^)  sin(nnT)) 
w  n  1 1  (n  n 

+C  a^Tr^  sin(mrrP)  sin(nnr)))  -  ( 16/9)h, .( -sRB  a^nTt^  sinlan^)  cos(nnn) 

n  1 2  m  n 

+R'^C  sinlmnl^)  sininnr))}  -  ( 16/9)h,^  (-sRA 

fnn  16  mn 

3  3  3  ^ 

sinlaTf?)  cos(nrtn)-sB  a  n  cos(Brt?)  3in(nnT7)  -  2RC  a  n" 

mn  mn 

cos(an^)  cos(nTiT7))  -  (4/3)sR^f.^A  an^Ji^  cosCan^)  sinlnTtr)) 

12  mn 

-  (4/3)sR^f,,B  n^rt^  sin(aii^)  cos(nnn)  +  ( 4/3 )  f  _  ( -sR^A  n^rt^ 

22  mn  26  mn 

2  2  3 

sinlarr?)  cos(n7tr7)-sR  B  an  tt  cosCan?)  sin(nfrn)) 

mn 

-  ( 16/9)h,_(-sR^A  an^Ti^  cos(air^)  3in( nnT))+R^C 

12  mn  mn 

sinlart^)  sin(n?rn))  -  { 16/9)h^_(-sR^B  sinlan?)  cos(n»iT)) 

^2  mn 

+R^C  n*Tt*  sinlaJi?)  sinlnJtrj))  -  ( 16/9)h_.  (-sR^A 

mn  26  mn 

2  2  3  3  3  4 

sin(art^)  cos(n»n7)-aR  B  an  «  cos(BJr^)  sin(n»n7)-2R  C  an  n 

m  n  mn 

coslan?)  coa(nnT)))  -  (8/3)3Rf,,A  a^nn^  sin(Bn5)  cos(nnTi) 

lb  mn 

-  (8/3)3R^f-_B  an^n^  cos(bJI?)  8in(nJn7)  ♦  (8/3)f,.(-sR^A  an^Tt^ 

2b  mn  Db  mn 

2  3 

cos(an5)  sin(nJni)-sRB  a  nn  sinimit^)  cos(nnr])) 

mn 

-  (32/9)h,,(-sRA  B^nit^  sin(anf)  coa{nJn7)-BC  a^nn^  cos(Bn?)  coslnrrn)) 

1 b  mn  mn 

-  (  32/9 )  h-,  ( -sR^B  an^w^  cosCan?)  sin(nJtn)-B^C  an^Ti^ 

2b  m  n  m  n 

coslaTf^)  cosInTTT)))  -  (32/9)h-^{-sB^A  an^Tt^  coslan?)  sin(n7rT7) 

Ob  mn 

2  3  2  2  2  4 

-sRB  a  nff  sin(B»r?)  co8(nJn7)+2R  C  a  n  »r  sin(B>r5)  sinfnnrj)) 
m  n  mn 

+  (  s'C  8in(Bn5)  8in(nin7)  +  16/4032C  b^tt^  8in(an5)  3in(nJrn) 

m  n  m  n 

+16/4032R^C  n^n^  8in(an5)  8in(nnn)+4/3158A  an  co8(Bn5)  ainlnmi) 

■  n  *n 

3in(pn5)  3in(qTrn)  |  d?dn  =  0 

(117) 

where  by  inspection,  the  boundary  terms  are  zero. 

We  now  multiply  through  by  sinlpw^lsinlqTrn) 


+4/315sRB  Tin  sin(Bit^)  coslnnri)  ) 


H 
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i  (  a^_-8d.p  +  16f  )(s^B  mn  cos{iDrt5 )sin( )  sin(nrrr)) 

fwa  I  n *  i  J  J  I  4b  4b  4b  iwn 

0  0  V 

3  2  2 

sin(qJrr])+s  RA  nfr  sin(Bi7t?)sin{ p/r? )  cos{n?r/7)sin(q?n7)+2s  RC  «n?r 

mn  mn 

cos(mn^)sin(pn5)  cosi nnnjsini qnn) )  +  ( a^^-8d^^+16fgg  ) 

3  2  2  ^ 

(s  A  inTt  cos(  inJt^)sin(  pTt^)  sin(nnn)3in( qJrn)-s  c  m  n"sin( mTt^ )sin( pn^ ) 

tnn  IB  n 

sin(nftn)sin(qnrr))  )  +  (  ^ -8d^ _  +  16f  ^ ^  Xs'RB  nnr  sin<  )sin(  pTt^) 

44  44  44  mn 

2  2  2  ^ 

cos(nnr7)sin( qnn)-s  R  C  n  n"  sini nn^ )3in( pn^ )  sin(n’'rn)sin(qTtT7) ) 

m  n 

+  N'  k.C  sin(  an? )sin(  pn? )  sin(n»ni)sin(qTfTi)+  N„R“k,C 

V  I  mn  0  2  mn 

2 

sin( )sin(  prt? )  sin(nnT7)sin(qJn7)  +  N  Rk_C  anff  cos(aJr5)sin{pn§) 

O  3  m  n 

cos( nTtn)sin(qnn)  )  -  (4/3)f,  sA  a^n^  cos(aTt5)sin(pn?) 

1 1  mn 

2  3 

sin(nTfn)sin(q»ni)  -  (4/3)sRf.^B  a  nn  3in{»n^)sin{pn^)  co3(nTrT])sin(qTtT)) 

12  mn 

+  {4/3)f ,,(-sRA  a^n«^  3in(aJt^)sin(p»t5)  cos(n»n7)3in(qTtri) 

16  m  n 

-sB  a^Tt^  C03(an5)3in(pn5)  3in(nTtrj)8in(qnT)) )  -  ( 16/9)h. .  (-3A  a^n^ 

m  n  limn 

cos(att5)3in{pn5)  ain(nTrr])sin(qTtTi)+C  a^n^  8in(B»t5)8in(pn5) 

mn 

sin(nnr|)3in(qTtT)) )  -  ( 16/9)h.,(-sBB  a^nw^  8in(BJr08in(p«^ ) 

1 2  mn 

2  2  2  4 

cos(nnTj)3in(q»rr))+R  C  a  n  n  sin(B>tC)sin(pn5)  sin(n>n7)sinlqnT7) ) 

mn 

2  3 

-  { 16/9)h,^(-3RA  a  nn  sin(Bn^)3in(pn5)  co8(nnT])3in(qnT7) 

16  m  n 

3  3  _  _  3  ^ 

-sB  a  n  co3(Bn5)sin(pn^)  8in(nnn)8in(qnn)  ~  2BC  a  nn 

mn  mn 

2  2  3 

cos(an^)sin(pn5)  cos(nn77}sin(qnn) )  -  (4/3)sB  f,-A  an  n 

12  mn 

cos{Bn5)sin{pn^)  sin(nnr))sin(qnn)  -  (4/3)sB^f__B  n^n^  3in(Bn5)3in(pn^) 

c£  Bin 

cos(nnTi)8in(qnr))  ♦  (4/3)f--(-8B^A  n^n^  sinian^lainCpn?) 

26  mn 

2  2  3  _  _ 

cos(nnT7)8in(qnT7)-8B  B  an  n  co8(Bn^)sin(pn^)  sin(nnT))sin(qnT7) ) 

mn 

-  { 16/9)h,,(-aB^A  an^n^  coa(Bn5)sin(pn?)  8in(nnrj)8in(qnr])+R^C  a^n^n^ 

i2  mn  mn 

sin(Bn5)sin(pn^)  ain{nnT])ain(qnTi) )  -  (16/9)h  (-bB^B  n^n^ 

sin(Bn^)3in(pn^)  co8(nnr7)sin(qnr7)+B^C  n^n^  sintan^ )sin(pn^ ) 

mn 

3  3  3 

sin(nnn)sin(qnT7) )  -  ( 16/9 )h,^ (-sB  A  nn  sin(Bn5)8in(pnC) 

26  mn 

2  2  3 

co3{nnr))ain(qnn)-sB  B  an  n  co8(an5)8in(pn5)  3in(nnn)3in(qnrj) 

mn 
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-2R^C  coslmti^  )sin(  )  cos(nTrn)sinlqnn) )  -  (8/3)sRf,,A 

mn  16  mn 

sin(mTi5)sin(pit?)  cos(nJrn)sin(qni)  -  (8/3)sR^f  B  mn“iT^ 

to  mn 

cos(Bn^)sin(prt5)  sin(n»rn)sin(qirT7)  +  (8/3)f  (-sR^A 

bo  mn 

2  3 

cos( mil? )sin( pn^ )  3in(nitT))sin(qnn)-sRB  ■  nJi  sin(mTf5)sin(pn'C) 

mn 

cos(niin)sin(qrrn) )  -  ( 32/9  ) h, ^  (-sRA  sin( ■ff/' )sin(  pit^ ) 

16  mn 

cos(niin)sin(q/ri7)-8C  cos(Birt?)sin(pJr5)  co8(nJt7i)sin{qnTi) ) 

m  n 

-  (32/9)h-,  (-sR“B  cos(fliTi? )sin( pn? )  sin( nTtn)sin( qirn)-R^C 

2  6  m  n  m  n 

cos(  iBii5)sin(  pTt^)  cos(nTrr))3in(qTrri) )  -  (32/9)h,,(-3R^A 

6  o  m  n 

2  3 

cos(  mn?  )ain(  pn? )  sin(  nTtn)9in(  qnr))-sRB  ■  nTt  sin(Bn5  )ain(  pn^  ) 

mn 

2  2  2  4 

cos(nT'’n)3in(qTcn)+2R  C  ■  n  n  sin(«wC)sin(pii5)  sin(niin)3in(qrtTi) 

mn 

+  (  s^C  3in(Bn5)sin(pn5)  3in{nnT])sin(qirn)+16/4032C 

mn  m  n 

sin(B»t?)sin(pn?)  sin(ntni)ain(qnn)  +  16/4032R^C  siniBff^ )sin( pn^ ) 

mn 

3in(nirn)sin(qin7)+4/315sA  art  cos(art^)sin(prt^)  sin(nrtTi)sin(qrt77) 

mn 

+4/3l5sRB  nrt  sin(Brt^)sin(prt5)  coa(nrtr))9in(qrtT))  )  >  dCdn  *  0  (118) 

mn  J 

We  now  siaplify  the  integration  of  the  previous  equation.  The 
saae  integration  scheme  as  shown  in  the  siapiy  supported  boundary 
condition  will  be  used  here.  Thus 

"0  V  r  r 

1  Z  <  I  (0  or  0  even,2p/rt(p^-B^)  odd){l/2or0)(s  Brt)(a  -8d  _+16f „ ) 
m*l  n«t  I  L 

+  (0  or  0  even,  2p/rt(p^-B^)  odd)(l/2  or  0)(sB^rt^)(-4/3f ^^+16/9h^^ ) 

+  (0  or  0  even,  2p/rt(p^-B^)  odd) (1/2  or  0)  ( sR^an^rt^)  ( -4/3f  ^^•♦‘IB/Sh^^ 
-8/3f^^+32/9h,, )  +  (0  or  0  even,  2p/rt(p^-B^)  odd)(l/2  or  0) 

6  o  o  o 

( 4/315(J^3Bn)  +  (1/2  or  0)(0  or  0  even,  2q/rt(q^-n^)  odd)(s^Rnrt) 

( a^^-8d^^+l6f^^ )  +  (1/2  or  0)(0  or  0  even,  2q/rt(q^-n^)  odd) ( sRB'nrt^ ) 
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(~4f  +48/9h  )  +  (1/2  or  0)(0  or  0  even,  2q/^(q~-n~)  odd) 

1 0  To 

(sR^n\^(-4/3f,  +16/9h,J  1  A 

26  26  J  mn 

+  (1/2  or  0)(0  or  0  even,  2q/rt(q“-n“>  odd ) ( s^Rn^ ) ( a  -8d  +16f  ) 

L  4  4  ^  ^  ^  < 

f  (1/2  or  0)(0  or  0  even,  2q/n(q~-n^)  odd) (sRa'nn^ ) 

(-4/3f j2+16/9h^2-8/3fgg+32/9h2g)  +  (1/2  or  0)(0  or  0  even, 

2q/Tr(q  -n  )  odd )  ( sR^n^it^  )  ( -4/3f  ,2+16/9h22  )  +  (1/2  or  0)(0  or  0  even, 
2q/Tt(q“-n^)  odd)  ( -4/31  Sw^sRnrt)  +  (0  or  0  even,  2p/7f(p^-m^)  odd) 

(1/2  or  0 )  (  )  ( a^g-8d^^+16f  )  +  (0  or  0  even,  2p/’'r(  p"-a^ )  odd) 

(1/2  or  0)(3B^?^^)(  16/9h^g)  +  (0  or  0  even,  2p/n(p^-B^)  odd) 

(1/2  or  0)(sR^an^R^)(-4f,^+4a/9h,,)  1  B 

26  26  J  mn 

+  (1/2  or  0)(l/2  or  0)  ( s  Vn^)  (-agg+Sd^g-ief^g )  +  (1/2  or  0) 

(1/2  or  0)(9^R^n^n^)(-a^^+8d^^-16f^^)  +  (1/2  or  0)(l/2  or  OXN^k^i^n^ 
+NQR^k2n^ft^+<j^s^+16/4032wV»r%16/4032w^R^n^^^  ♦  (1/2  or  0)(l/2  or  0) 
(Tt^  )  ( -16/9h,  ,B^-32/9h,  ,R  Vn^-16/9h„R\^-64/9h,,R^B^n^ )  + 

(0  or  0  even,  2p/it(p^-B^)  odd)(0  or  0  even,  2q/Tt(q^-n^)  odd)  (2s^RBnTr^ ) 
(a^g-8d^^+16f^g )  +  (0  or  0  even,  2p/n(p^-B^)  odd)(0  or  0  even, 
2q/Tt(q^-n^)  odd)  (N^Rk^Bn^^)  ■»•  (0  or  0  even,  2p/n(p^-B^)  odd) 

(0  or  0  even,  2q/Ji(q^-n^)  odd)  (64/9n^  )  ( h,^BB  Vh,^R^Bn^ )  1  C  i  =  0 

16  Z6  J  mn  I 

(119) 

These  equations  will  be  prograBBed  using  the  sase  technique  as 
seen  in  the  sisply  supported  boundary  condition. 

For  the  equation  of  action  we  have 
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i.i  r 


■  lol  i 


-d,  s^A  sin(inTt^)  sin(nTtn)  +  d,,s^RB  mnTt' 

It  mn  12  mn 


2  2 

cos(inTt5)  cos(nnri)  +  d.^(s  RA  an^  cos(mTt^)  cos(nnr)) 

1  o  y^r\ 

2  2  2  2  2  2 
-s  B  m  n  sin(anf)  3in(nffn))  -  (4/3)f,  f-s  A  a  Tt  sinfair^)  sininnn) 

m  n  1 1  w  n 

-sC  a'^T^  cos(aff^)  sin(nTrn))  -  (  4/3  )  f .  .(-s^RB  anTt^  cos(bii^)  cos(n7in) 

m  n  1 2  w  n 

-sR^C  an^^^  cos(an^)  sin(nnr|))  -  ( 4/3) f , ,  ( s"RA  anrr^ 

mn  16  mn 

2  2  2  2  3 

cos(aTt?)  cos(nrrrj)-s  B  art  3in(art5)  sin( nnT))-2sRC  a  nrt 

mn  mn 

2  2 

sin(art5)  cos(nrtr)))  +  d,,3  RA  ann  cos(an5)  cos(nrtn) 

16  mn 

-  d^^s^R^B  n^rt^  sin(an^)  sin(nrtn)  +  d,,(-s^R^A 

26  mn  66  mn 

cos(art^)  cos(  nrtn)+3^RB  anrt^  cosiart^)  cos(nrtr)))  -  (4/3 )  f ,,  ( s^RA 

m  n  1 6  m  n 

2  2  3 

anrt  cos(art^)  cos( nrtT))-sRC  a  nrt  3in(an^)  cos(nrtT))) 

mn 

-  (4/3)f.,(-s^R^B  n^rt^  sin(art|)  8in(nrtTj)-sR^C  n^rt^ 

26  mn  mn 

3in{art?)  co8(nrtri))  -  (4/3)f^^(-8^R^A  n^rt^  sin(Bn5)  sininWH) 

66  mn 

+3^RB  anrt^  co8(an5)  coa(nrtn)-2sB^C  an^rt^  co8(an5)  sin(nrtT))) 

mn  mn 

-  (  a_-8d  ._  +  16f )(s^B  sln(BR^)  8in(nrtT))+8^BC  nrt 

^6  ^6  ^6  mn  mn 

sin(art^)  coslnrtT)))  -  (  a__-8d__+16f __  )(s^A  sin(Brt^)  sin(nrtr)) 

55  55  55  mn 

+s^C  art  cos(Brt5)  8in(nrtT7))  +  (4/3)f,,3^A  a^rt^  sin(Brtf)  sin(nrtT7) 
mn  11  mn 

-  (4/3)  f,_3^RB  anrt^  co8(Brt^)  cos(nrtri)  -  (4/3)f  (s^RA  anrt^ 

12  mn  i6  mn 

cos(Brt^)  co8(nrtTj)-3^B  B^rt^  sin{art^)  8in(nrtT7))  +  (16/9)h,, 

mn  1 1 

(-s“A  B^rt^  sin(Brt^)  sin(nrtri)-3C  a^rt^  cosiart?)  sin(nrtn)) 
m  n  mn 

+  ( 16/9)h,_(8^BB  Bnrt^  cosCart?)  co8(nrtT))-sB^C  an^rt^ 

IZ  mn  mn 

2  2 

cos(art5)  sin(nrtr;))  +  (16/9)h,,(3  RA  anrt  cos(art^)  cos(nrtT7) 

16  mn 

-s^B  a^rt^  sin(art^)  8in(nrtT])-2sBC  a^nrt^  sin(art^)  cos(nrtT))) 
mn  mn 

-  (4/3)f,^s^RA  anrt^  co8(art5)  cos(nrtTj)  +  (4/3)f  s^R^B  n^rt^ 

1 6  mn  m  n 

sin(Brt5)  sin(nrtr))  +  (4/3)f^^(s^R^A  n^rt^  siniart^)  3in(nrtn) 

66  mn 

-s^RB  anrt^  cos(Brt5)  cos(nrtT7))  +  (16/9)h  (s^RA  anrt^ 
mn  16  mn 

cos{Bn^)  cos(nnT))-9RC^^  a^nrt^  sin(art^)  cos(nrtT7))  +  (16/9)h2g(-3  R  B^^ 
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sinimit^)  sini ninD-sR^C  sin(mn^)  cos(nrrn))  +  (16/9)h^^ 

run  oo 

2  2  2  2  2  2 
(-S  R  A  n  sin(Brt?)  sin(n?n7)+s  RB  anJT  cos(in/r^)  cos(nTrr7) 

mn 

-2sR^C  cos(aTf^)  sinlfUrr}))  +  l7/315w^s'A  sinlmit^)  sin(nnn) 

mn  mn 

sin{  piT^  )sin(  qTTn )  |  d^dn  =  0 

(  120) 

where  the  boundary  terms  are  seen  to  be  zero. 

We  now  multiply  through  by  {slnCpw^lainlqJrn)  | 

^  rVW  2  2  2 

E  E  <  -d  .s  A  B  n  3in(are5 )sin( pn?)  sin( nnri)3in( qnrj)  +  d 

m*  1  n»  1  J  J „  1 l  mn  iZ 

0  0  1 

■?  2  2  2 

s“RB  mnn  cos(Bir?)3in(pTr?)  cos(n»rn)8in(q>n7)  +  d,,{3  RA  anff  coslarr?) 
mn  1®  mn 

2  2  2 

sin(pff^)  cos(nffn)sin(q»rT7)-s  B  m  ft  8in( an^ )ain( pn?)  sin( nnT7)sin(qnT)) ) 

m  ft 

-  (4/3)f  (-s^A  sin(Bn?)sin(pn§)  sin(nnT))3in(qnn)-9C  a^Ji^ 

1 1  mn  m" 

cos(Bn€)sin(pnC)  sin(nTrri)sin(qnTi) )  “  co3(an^) 

2  2  3 

sin(pff§)  co9(nnT7)sin(qn77)-3B  an  n  coslaw^lsinl pn?) 

3in(n7tn)sin(qTfn) )  -  (4/3)f_(s^RA  ,  ann^  co8(anC)sin(pn5) 

I  o  wn 

cos(nrtri)sin(qKn)-s^B  sin(BnC)sin(pK?)  3in(nrrn)3in(q»n7)-2sRC 

mn 

^  1  2  2 

m“nrr  sin(Bn^)3in(p»t?)  cos{n>rrj)8in(q>tT7) )  +  d^^s  BA^^  ann 

co3(mrt?)sin(pn?)  co8(nnTj)8in(qTcn)  -  8in(Bn5)sin(pn5) 

3in( nrni)sin(qnT])  +  d-_(-8^B^A  8in(Bn5)sin(pnC)  sin(nTn7)3in(qTrn) 

oo  mn 

+s^RB^^  ann^  cosiawf  )ain(pJr?)  cos(n»rr7)sin(qnT7) )  -  (4/3)f^g(3^RA^^ 

2  3 

anff^  co8(an5)sin{pn?)  cos(nTrn)sin(q»n7)-sRC^^  a  nn  sin(BTt5)3in(pff5) 

cos{nnT))sin(qnT7))  -  (4/3)f25(-s^B^B^„  sin{mH)si-\{pn^) 

sin(nrcn)8in<q»ni)-sB^C  sinlanflsinl  pn|)  cos(  n^rjlsinl  q^rr)) ) 

m  n 

-  (4/3)f  (-3^R^A  n^n^  3in(BnC)sin(pn5)  sin(nTtT))sin{qmi) 

6  6  m  n 

2  2  3 

+  s^RB  ann^  coslan^lainlpn^)  co8(nrn7)3in(q»Tn)-28B  C  an  n 

ffin 


4/315'J^sC  mn  cos(aff?)  sinInTtn) 

mn 
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cos(inrr?)sin(prr^)sin(nTrr?)sin(qn»7) )  -  (  a^^-8d,^  +  16f )(s^B  sin(iiTt5) 
3in(pTt?)  sin(nrtT])sin(qnn)+s^RC^^  nn  sin(  nn^  ) sin(  prr^  )  cos(nTrr))sin(q»rr]) ) 

■  (  +  )(s^A^^  sinCan^  )sin(  pff^ )  sin(nrrT7)sin(q7n7) 

+  s^C  btt  cos(  an^  )sin(  pfr^  )  sin(nrtn)sin(qTrn)  )  +  (4/3)f  s^A 

limn 

sinlmn^)sin(pn^)  sin(nJrri)sin(qnr7)  -  (4/3)  mnJr^  coslan?) 

1  2  in  n 

sin(pn^)  cos(nTrr))sin(qTrrt)  -  (4/3)f  ,^(s^RA  ann^  cos( an^ )sin(  pn^ ) 

15  m 

2  2  2 

cos( nffn)sin(  qTii3)-s  B^^  a  n  sin( aw^ )sin(  p^O  sin(nTrn)sin{qTrn)  ) 

2  2  2 

+  (16/9)h^^(-3  a  n  sin( an^ )sin( pn?)  sin( n»rn)3in(qnT7) 

-sC  a^rt^  co3(Brt5 )sin(pn5)  3in(nrrn)sin(qnn) )  +  (16/9)h,  (s^RB  ann^ 

12  mn 

cos(aft^)sin(pn5)  cos(nTfT])3in(qTfT))-sR^C  Bn^Tf^coa(aJi?)sin(p»rC) 

in  n 

sin(nTrn)sin(qTin) )  +  ( 16/9)h,,{a^RA  ann^  cos(Bn^)sin(pn^)  coslnitn) 

1  o  mn 

3in( qffn)-3^B  a^ii^  sin(Bff? )sin(p»t5 )  sin(nnrn)sin(q»rrj)-23RC  a^nrr^ 

an  mn 

sin(Bn03in(pTt5)  C03(n»rn)sin(qJn7) )  -  {4/3)f,,s^RA  tnff^  coslan?) 

Id  mn 

sin(pn5)  cos(nmi)3in(qrrnl  +  (4/3)f,.a^B^B  n^»r^sin(arr5)3in(prr5) 

2  V  m  n 

sin(nrrn)3in(qTtr))  +  (4/3)f,,(3^R^A  3in(Bn5)9in(pn5)  sinlnTtrj) 

od  mn 

sin(qrrn)-3^RB  anrt^  co9{Bre^)sin(pirf )  cos(nin7)sin(qiiT7) )  +  (16/9)h,^ 

m  n  1  o 

2  2  _  3 

(s  RA  anrt  co3(Bn5)sin(pTt5)  co8(n»'t^)9in(qTrr|)-sRC  B“nn 

mn  mn 

sin(Bfr?)3in(pn5)  cos{nnrj)ain(qnri) )  +  ( 16/9)h_,(-s^R^B  sin{Bn5) 

25  mn 

_  _  3  3  3 

sin(pff?)  sin(nTrr))3in(q>'n7)-8B  C  nw  sin(Bn^)sin(pTC?)  cos( nTtn)3in{ qrcri ) ) 

mn 

+  ( 16/9)h, - (-s^B^A  8in(an5)sinl pw€)  sin(n>iT))8in(qnT7)+s^BB  Bnit' 

5  5  mn  m  n 

_  2  2  3 

cos{BJt?)8in(pn5)  C08(niin)8in(qirn)-2sB  C  an  n  co8(BTt5)sin{pir5) 

m  n 

2  2 

sin(nJTn)3in(qnTj) )  +  17/315u  s  A  3in(Bn5)8in(pTf?)  sin(nitT))sin(qi'fn) 

mn 

-  4/315u)^3C  Bit  co8(Blt^)sin(pn^)  sin{nTrT7)8in(qirT])  >  d?  dn  =  0  (121) 

m  n  I 

Using  the  integration  notation 
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K  t)  <  r 

",  r,  i  (1/2  or  0)(l/2  orO)(s"m~n-)(-d,  +8/3f,  -16/9h, ,)  +  (1/2  orO) 

m»tn»tL  1!  1111 

(1/2  or  0)(s^R^n^rr-)(4/3f,,,-d  ^+8/3f^^-16/9h^^  )  +  (1/2  or  0)(l/2  or  0) 

<9^><-acc+8d^,,-16f^,^)  +  (1/2  or  0)(l/2  or  0 )  ( 17/315w’s“  ) 

2  2  ^  ^  -> 

(0  or  0  even,  2p/^(p  -m  )  odd)(0  or  0  even,  2q/’r(q'-n")  odd )  ( s“RmniT“ ) 

(2d,,,-4/3f,  -16/3f,,^+32/9h,,,  +  16/9h^,,)  A 

16  12  16  16  66  mn 

+  (0  or  0  even,  2p/»i(  p^-m~ )  odd)(0  or  0  even,  2q/7r(  q'-n" )  odd) 

(s’RBnTt^)(d,,+d,,^-8/3f,^,^-4/3f,  +16/9h,,-16/9h,,^)  +  (1/2  or  0)(l/2  or  0) 

\d  bo  bb  id  id  bb 

(s^B^rf’)(-d,^+4/3f,,^-16/9h,^)  +  (1/2  or  0X1/2  or  OXs^ 

lb  lb  lb 

(-a^^+8d_^5-16f_^g)  +  (1/2  or  0X1/2  or  OXs^R^n^rt^) 

+  (0  or  0  even,  2p/Tr(p^-i^)  odd X 1/2  or  0)(8«^»i^X-16/9h^^ ) 

(0  or  0  even,  2p/ir(p^-B^)  oddXl/2  or  OXsB^an^tt^) 

(4/3f,  +8/3f,,-16/9h,,-32/9h,,^)  +  (0  or  0  even,  2p/n(p^-B^)  odd) 

1  c  bb  1 2  O' 

(1/2  or  0 X SB^n X -a__+8d__-16f __ )  +  (0  or  0  even,  2p/Ti(p^-B^)  odd) 

bo  bb  bb 

(1/2  or  0X-4/315w^SBn)  +  (1/2  or  0X0  or  0  even,  2q/n{q^-n^)  odd) 

( sRa^nn^ ) { 4f ,,-48/9h,. )  +  (1/2  or  0)(0  or  0  even,  2q/n(q^-n^)  odd) 
(sR^n^n^)(4/3f_,-16/9h_, )  +  (1/2  or  0X0  or  0  even,  2q/Tr(q^-n^)  odd) 

2b  2b 

(sW)(-»„»8d„-16f„)  ]  C..  }  =  0  (1221 

For  the  6^^  equation  of  action  we  have 

t  f  Ilf 

Z,  I  f  f  <  d.-S^RA  anti^  cos{an5)  cos(n»n3)  -  d  s'R^B  n^n^ 

m»l  n*l  J  J  12  mn  22  mn 

0  0  \ 

sin(Brt^)  sin(nrni)  +  d,,,(-s^R^A  n^n^  3in(an5)  sin(n»'cn)+8^RB  anJt^ 

26  mn  "f* 
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cos(infi^)  cosinTTT]))  -  (  4/3  )  f .  ,(  s' RA  ninTT“  cos(inTt^)  cos(nfrr)) 

1  c  n 

-sRC  a^niT^  sin(mTi^)  cos(nTrr)))  -  (  4/3 )  -s^R^B  sinlmnf) 

mn  22  mn 

3  3  3 

sin(nfrn)-sR  C  n  ^  sin(in?f5)  cos(n?rn)) 

mn 

-  (  4/3  )  f  ( -s“R^A  sin(oiir^)  sln(n7^T^)  +  s-RB  mriTr^  coslnTf?)  coslrinr]) 

26  mn  mn 

2  2  3  2  2  2 

-2sR  C  mn  n  cos(mTt^)  sinin^rt)))  -  d,^s  A  m  n  sin(mn^)  sin(nTfn) 
m  n  1 6  m  n 

2  2  2  2 
+  d,^s  RB  mn^r  cos(mfr^)  cosinffH)  +  d^^(s  RA  mnn  cos(an^)  cos(n?'rn) 

comn  6omn 

2  2  2  2  2 

-sB  ffl  n  sinimrt?)  sin(nfin))  -  (4/3)f.^{-s  A  m  Ji  sin(nTtn) 

m  n  i  D  m  n 

3  3  2  2 

-sC  m  71  cos(m7tC)  sin(n7rr|))  -  (4/3)f^^(3  RA  mnrt  cos(m7r^)  cos(n7tr}) 

m  n  2  b  m  n 

-s^R^C  mn^Ti^  cos(m7t5)  sin(n7rn)  ~  ( 4/3 ) f ,,  { s^RA  mnTt^  cos(in7i^) 

m  n  b  o  mn 

2  2  2  2  2  3 

cos(n7rT))-3  B  ■  7t  3in(mn^)  sin( n7Tr))-2s  RC  a  nTt  3in{B7t5)  coslnTrn)) 
mn  mn 

-  (  ^-8d^  _  +  16f  _  ^  )(3^B  3in(a7r5)  sin{n7rT))+3^RC  nTi  3in(B7t5) 

mn  mn 

cos(n7r77))  -  (  a_-8d_  +  16f_  )(3^A  sin(an?)  sin( nTiHl+s^C  an 
AS  45  45  mn  mn 

2  2 

cos(an^)  3in{nnn))  -  (4/3)f,,s  RA  ann  cos(an5)  cos(n7rr)) 

1 2  mn 

+  {4/3)f,-3^B^B  n^Tf^  sin(aTi^)  sin{nnn)  -  ( 4/3 ) f ( -s^R^A  n^Ti^ 

22  mn  2b  mn 

sinlan?)  3in(n7n7)+s^RB  ann^  cosimft^)  cosinrcq)) 

mn 

+  ( 16/9)h,,(s^RA  ann^  coslan?)  cos(nnT))-sRC  a^nn^  sinlan?)  cosInTTT])) 

12  mn  mn 

+  ( 16/9)h,,(-s^R^B  n^TT^  sinCanO  sin(n7r77)-sR^C  n^rr^  sin(B7r5)  cos(n7r77)) 
22  mn  mn 

+  ( 16/9)h_^(-s^R^A  sintan?)  3in(n7rn)+s^RB  ann^  cos(Bn^)  costnirr]) 

2b  mn  mn 

-2sR^C  an^Ti^  cos(Bn^)  8in(ni'cn))  -  (4/3)f  s^A  a^n^  sinian^)  sinlnnn) 
mn  ib  mn 

-  (4/3)f,,3^BB  ann^  co8(an^)  coaCnnn)  +  (4/3)f-,(-s^RA  ann^  cosian^) 

2o  mn  bo  mn 

cos(nn77)+8^B  sinimn^)  aininnn))  +  { 16/9)h,,(-s^A  a^n^ 

mn  lb  mn 

3in{Bn5)  8in(nnT])-8C  a^n^  cos(an€)  3in(n»n7))  +  (16/9)h  (s^RB  ann^ 

mn  tb  mn 

2  3  2  3  _ 

coslan?)  co8(nJni)“*  B  C  an  n  cos(Bn5)  sinlnirn)) 

mn 

+  ( 16/9)h^^  (s^BA  ann^  cos(un^)  cos(n7rr|)-3^B  b^ti^  ainlan?)  sin(n7iT)) 

66  mn  mn 

-23RC  a^nTt^  ainlan^)  co8(n7n7))  +  (  17/315s^B  sinfaTt?) 

mn  mn 

3in(nTrn)  -  4/315sC  nn  3in(Bn5)  cos(n7rn)) 
mn 
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sin(pJt^)  sin(qJtr))  >  d^dn  =  0 


(  123) 


where  the  boundaries  go  to  zero. 

We  now  will  simplify  the  above  by  multiplying  through  with 
(  sin(pn5)  siniqJtrj)  } 

^  ^  r'  r'  r 

1  RA  mnn  cos(mn5)sin(pn^)  cos(nnr))sin(qnri)  -  d 

fnn  22 

2222  2222 
s  R  B  n  Ti  sin(mn^)sin(  prt^)  sin{nrtn)sin(qTfn)  +  d,^(-s  R  A  n  n 

26  mn 

2  2 

sin( mn^ )sin( pJT^ )  sin(nnr])sin(qnn)+s  RB  mnn  cos(mn^)sin(pn5)  cos(nrtri) 

ntn 

2  2 

sin(qfn))  -  (4/3)f  (s  RA  mnrt  cos(mff5 )sin( pn? )  cos(nTtr))sin(qn77) 

12  in  n 

-sRC  m^nrt^  sin(mn?)sin(pn5)  cos(nnT])sin( qTtiq) )  -  (4/3)f^^(-s^R^B 
ff'n  22  mn 

2  2  3  3  3 

n  3in{«n5)ain(pn5)  sin(nTni)sin(q«T])-3R  C  n  n  sin(«Tf^)sin{ pn^) 

ifin 

sin(nrrn|sin(qitn) )  -  (4/3)f_.(-s^R^A  n^Tc^  sinImJt? )sin(pnr5 ) 

26  fin 

2  2 

sin( n?rT7)sin(qjn7)+s  RB  mnir  cos{mJiC)sin(p>t5)  cos(n»rn)sin(qJn7) 

nn 

2  2  3  2  2  2 

-2sR  C  mn  71  co3(ati5)8in(pn5)  sin(nTrn)sin(q7n7) )  -  d,,s  A  m  n 

fn  n  1  p  fii  n 

2  2 

sin(mTt?)sin(p7t5)  sin(nJn7)sin(qttT|)  +  d_^s  RB  mnn  cos(m«5)sin(p7r^ ) 

26  tin 

2  2 

cosinrtrDsinlqnri)  +  d-.(s  RA  mnn  cos(Bn^)sin{pn5)  cos(nTn7)sin(qTrr)) 

66  nn 

-sB  sin(Bn^)8in(pn^)  8in(nin7)8in(q7n7) )  -  (4/3)f  ,,(-s^A  m^tt^ 

tnn  16  lin 

3  3 

sin(mn5)8in(pJ»§)  8in(nin7)8in(q>n7)-sC  ■  «  co8(8n5)8in(pTt5) 

mn 

2  2 

sin(n»n7)8in(qJn7) )  -  (4/3)f,^(8  RA  anw  co8(8n5)sin(pTt5)  cosInJn}) 

26  mn 

2  2  2  3  _ 

3in(qTtn)-8  R  C  an  n  co8(an^)sin(pn^)  sin(n7iT])3in(q»tT7)  -  (4/3)f,. 

fin  66 

(s^RA  ann^  co8(aK5)8in(pn?)  cos(nnT7)sin(qTrn)-3^B  a^rt^ 

wn  fin 

2  2  3 

sin( aff? )sin( pn? )  sin(n»rrf)3in(q7rr7)-2s  RC  a  nn  3in(a7r§)sin(pJt5) 

inn 

cos(nnn)sin(qnn))  -  (  a  -8d,  +16f^^  )(s^B  3in( an? )sin( pTt^ ) 

^  A  A  A  inn 

sin(nrtn)sin(qnn)+3^RC  nn  3in<an^)3in(pn?)  cos(nnT))3in(qnTi) ) 
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-  (  a^^-8d^^  +  16f^g  sin(ian^)sin(pn5)  sin(nrrn)sin(qnr))+s^C^^  mn 

cos(inn^)sin(pn^)  sin(nTrT7)sin(qrTrf ) )  -  {4/3)f,,s^RA  mnnr^  cos{ mrr^ )sin( prrf ) 
cos(  nTrn)sin(qTtn)  +  (  4/3 )  f  n~ sin(  mJT? ) sin(  prr^ ) 

s  in  (  n’TP )  s  1  n(  qjrn )  ~  (4/3)f^  (-s  R  A  n  s  in(  )  sin(  pn^  )  sin(n7tn) 

—  ^  in  n 

2  2 

siniq'THl+s  nn'r  cos  ( m?rC)sin(  pff?  )  cos(  )  s  in(  qnn )  ) 

"^2  2  5 

+  (16/9)h  (s”RA  nnn  cos( mJt^ )sin( pn^ )  cos(nTrn)sin(qTrr])-sRC  m  nn 
sinlmTT^  Isin(pTr^)  cos( nTrn)sin( q^H) )  +  (16/9)h  {-s^R^B  n"Tr" 

22  mn 

3  3  3 

sin(  oTT^  )sin(  pTT? )  sin( nrrn )sin(  qnt7)-sR  C  n  sin(mn^  )sin(  ) 

m  n 

cos(nrrTi)sin(qrtn)  )  +  ( 16/9 ) ( -s^R^A  n^n^  sin{mn5)sin(  pit?) 

2b  mn 

2  2 

sin(nTrn)sin(qTrri)+s  RB  mnw  cos(Brt^)sin(pJr5)  cos(niTr))sin(qTn7) 

m  n  ^ 

-2sR"C  an^n^  cos(  an?  )sin(  pn? )  sin(nJrn)sin{qTni) )  +  (4/3)f  ^s‘A  a^n^ 

'"n  ^  t6  mn 

sin(aff?)3in(pTr^)  3in(nrtT])sin{q«n)  -  (4/3)f,^3^RB  ann^  cos(an5) 

2b  mn 

sin(pTr^)  co3(ntnrj)sin(qrrrj)  +  {4/3)f.-(-s^RA  an^r^  cos(BW^)sin{p7r5) 

DO  mn 

2  2  2 

cos(nTrr))sin(qTcn)+8  B  an  sinCait^lsinCpn^)  sin(nTfTi)sin(qnn) )  + 

m  n 

<16/9)h  (-3^A  3in(BTt5)sin(pn5)  8in(nTni)sin(qnT))-8C  a^n^ 

1 D  mn  ^  mn 

cos(BTr?)sin(pTr^)  sin(nnT7)8in(q»iT7) )  ♦  ( 16/9  )h_- (8^RB  ann^ 

Zd  mn 

2  2  2  3 

cos(mTr^)sin{pn5)  co8(n»ni)3in(qJrn)-s  r  c  an  n  co8(Bn5)8in{pn?) 

mn 

sin(  nftn)sin(qnri) )  +  ( l6/9)h--(8^RA  anTt^  co8(B»T5)8in(pTt5)  co8(ntn7) 

DD  mn 

2  2  2  2  3 

sin{q7rr7)-s  B  m  n  8in(an^)8in(pn^)  8in(nT(T7)8in(qwn)-28BC  a  n»i 

mn  mn 

2  2 

sin{mn€)sin(pn5)  coBinJinlsinlqnrj) )+  w  (  17/3158  B  8in(Bn?)3in(pTr5) 

mn 

sin(nTni)sin{qin7)  -  4/3158C  nJt  8in(Bn^)8in(pn^) 

mn 

co8(nTtTj)8in(qTrn) )  |  d^dH  =  0  (124) 

Csini;  the  integration  notation  we  have 
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)  ocld)(0  or  0  even,  2q/n{q^-n')  odd) 

(s^Rmn/t^)(d,  -8/3f,,+d,,-4/3f,  -8/3f^^  +  16/9h,  +16/9h^  )  +  (1/2  or  0) 

12  1266  26  66  12  66 

(1/2  or  0)(s"R'n^Tr‘)(-d,^+8/3f,  +4/3f,^-16/9h,^)  +  (1/2  or  0){l/2  or  0) 

26  26  66  26 

(s%(-a^^+8d^^-l6f^g)  +  (1/2  or  0)(l/2  or  0)(3^B^rt^) 

(-d,,+8/3f,^-l6/9h,  )  I  A 

16  16  16  J  mn 

+  (0  or  0  even,  2p/fr(  p^-o^)  odd)(0  or  0  even,  2q/n(q^-n^)  odd) 

(s^Rmnrt^)(2d,^-4f,^  +  32/9h,^+4/3f  +  (1/2  or  0)(l/2  or  0 )  ( s^R^n^rr^ ) 

26  26  26  66 

(-d22+8/3f22-16/9h22^  ^  or  OKs^.^n^) 

(-d^^  +  4/3r^-16/9h^^)  +  (1/2  or  0)(l/2  or  0)  ( (-a^  +8d,  -16f ,  1 

>  (1/2  or  0)(l/2  or  0 )( 17/31 5<J^s^ )  B 

J  mn 

+  ^  (1/2  or  0)(0  or  0  even,  2q/w(q^-n^)  odd) (sBi^nn^) 

(4/3f,  -16/9h,  -32/9h^^)  +  (1/2  or  0)(0  or  0  even,  2q/n(q^-n^)  odd) 

(sR^n^rt^)(4/3f22-16/9h22)  +  (1/2  or  0)(0  or  0  even,  2q/n(q^-n^)  odd) 

{ s^Rnrt ) ( -a^^+8d^^-16f^^ )  +  (1/2  or  0)(0  or  0  even,  2q/n(q^-n^)  odd) 

( -4/315<J^3nn)  +  (0  or  0  even,  2q/n(q^-n^)  odd) (1/2  or  0)(sR^Bn^Tr^) 

( 4t’  ,+8/3f.,-48/9h_, )  +  (0  or  0  even,  2p/w(p^-B^)  odd)(l/2  or  0) 

26  66  26 

(sB^n^)(4/3f ,,-16/9h,- )(0  or  0  even,  2p/Tt(p^-B^)  odd)(l/2  or  0) 

16  16 

(=’«.)(-.„,8d„-I6f„)  ]  |c.„  =  0  (1251 

These  equations  will  be  proi^raBBed  as  before. 


I  I  n 

™«1  n-l  L 


(0  or  Oeven,  2p/n(p' 
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Ciaaped  -  Sinply  Supported  Boundary  Condition  For  a  plate 
cianped  on  two  opposite  sides  and  simply  supported  on  the  two  other 
sides,  the  followint?  conditions  exist 


@  X  =  0,  a  : 


w  =  =  0 

*  y 


( 126) 


#  y  =  0,  b  ; 


w  =  (p  =0 

X 

-  I  -  =  0  (1271 


where  the  clamped  boundaries  are  along  x  s  o  and  x  =  a,  and  the 
simply  supported  boundaries  are  along  y  s  0  and  y  s  b.  We  choose  the 
following  admissible  functions 

TO  00 

V  =  E,  A  sin{mnx/a)  sin(nny/b) 

X  Mat  nal  lan 
00  CD 

V  =  E,  E,  B  8in(mnx/a)  co8(nny/b)  (128) 

y  Mai  nal  MH 
00  00 

w  =  E  E,  C  sin(mnx/a)  sin(nny/b) 

•at  nal  Mn 


Normalizing  Eq.(128) 


00  00 

V-  =  S.  2  A  sinimn?)  sin(nitT]) 

^  ms  1  n«l  mn 

OD  CD 

B  sin(nn5)  coslnnn) 

n  ma  1  nal  mn 

•X  00 


w  =  E,  E  C  sin(nn?)  sin(n»tn) 

ms  1  n« 1  mn 


(129) 
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We  next  calculate  the  needed  derivative^ 


’*'5’5 

=  E  E  A 

m«  1  n  « 1  mn 

■X  X 

’*'5 ’55 

=  E,  E,  -A 
m«  1  n  « 1  mn 

■V  X 

^5 ’555 

=  E,  E,  -A 

fflal  nat  mn 

X  X 

’^5’5n 

=  E  El  A 

ma 1  nat  mn 

V  X 

'^5’55n 

=  E,  E,  -A  ! 

mat  n«t  mn 

■X  X 

'^5’5rTn 

=  E,  E,  -A 
mat  nat  mn 

X  X 

'*’5’n 

=  E  E  A 

ma 1  nat  mn 

Z  2 

I  n  sinfan^)  sin(nTtn) 


3-3 


2  3 


2  3 


'B  ID 


'''C’nn 


'^5’nnn  * 


2-2 


I,  E-A  n  n  ain(Mff^)  8in(nnT)) 

Mai  nat  «n 


<v  ro 


E,  E^  -A  sin(«»r5l  co8(nftr}) 

MS  4  n>  4  flin 


OD 

~B  nn  siniait?)  sininTtrj) 

OD  ro 

2  2  _ 

s  E,  E  -B  n  n  sinCan?)  cos(n>iT7) 
r]  rjrj  «ai  nai  «n 

TB  D 

B  n^ir^  8in(Bn5)  8in(nwn) 

ro  ro 

2 

~B  ■nJT  co8(B>r?)  sininnrj) 

<9  (B 

2  3  _ 

B  B  n«  sin(BJt?)  8in(n>tn) 

DO  DO 

2  3 

-B  Bn  n  co8(Bn^)  co8(n>rn) 

DO  <9 

®  B  Bn  coslan?)  co8(nnT)) 

-ID  OD 

w  s  E  E  -B  Bn  sin(Bn5)  coa(nnr}) 

n  ss  "■'*  "■' 


•X  X 


3  3 


V  tece  =  *B  Bn  cosiBn?)  co3(nnn) 


(130) 
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ti  T 

w,,  =  5  Z  C  afi  coslain?)  sininnrj) 

V  X 


= 

Z  Z 

m«  1  n  «  1 

X  -x 

-C 

mn 

g  Tl 

sinCan?) 

sin( nno) 

= 

z,  z 

mm  1  n«  t 

X  B 

-C 

mn 

3  3 

■  n 

coslan?) 

sin( nun) 

:  Z  Z 

m«  1  n«  t 

■B  X 

C 

mn 

4  4 

■  n 

3in( anf } 

sin(  nJii?) 

"’50  = 

2,  2 
AS  1  ns  1 

C 

mn 

mnn^ 

C03(  BTT^  ) 

cos (nun) 

’n 


X  -X 

rn^nn^  3in(*n5)  cos(nnn) 

m^x  n^i  wn 


X  X 


m?i  n?i  -^»n  cosimit^)  ain(nnr}) 

00  00 

=  E  2  c  nJt  3in(«Ji?)  co8(nnT)) 

fW®l  C\®i 


X  X 


W. 


2  2 

.2  Z  -C  n  n  sin(»n5)  sininrtn) 

IN  ■  1  n  •  1  AfX 

X  rc 

.2  Z  -C  ainimn^)  coalnTnj) 

A*  1  n«  1  Af> 


nn 


’nnn 


OO  OD 


W. 


"  n^l  ^.n  sinlwO  3in(n»m) 

X  X 

3  4 

2  Z  -C  »  n»i  co8(Bn5)  cos(nmrj) 

A«  I  n ■ 1  An 

X  X 

2  2  4 

!  Z,  Z  C  a  n  n  ain(an^)  sin(nWTj) 
•■1  n«l  wn 


rjrm 


’55nn 


OD  CD 


W. 


3  4 

Z.  2,  -C  Mj  n  coslan?)  cos(nTtT]) 
■  ■1  n»l  «n  ^  -,1  X 


^nnn 


For  the  ^  equation  of  eotion  we  have 


Z 

ma 


.  -i.  o;  { 


(  a^^-8<i^^+16f )(8  B  mn  coB(mn^)  coslnnri) 

45  45  45  An 


3  _  2  2 

+3  RA  nil  3in(Bii^)  cos(nirn)+23  RC  enn  cos(  ■n?  )  cos(niiT))) 

An  An 

+  ( a,,-8d__  +  16f__  )(3^A  Bir  co8(«iiC)  3in(nirn)-s^C  8^11^ 

55  55  55  «n  wn 
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1 


sin(mJrC)  sin(nrtn))  +  (  a  -8d^^  +  16f  )(-s‘RB  nnr  sinlunr^)  sin(nrrr]) 

-s^R^C  sinlnn^)  sintnnn))  +  N’„k  C  m'n'"  sin(mn^)  sinln^n) 

m  n  0  I  m  n 

2  ?  ^  2 
+  N  R  k  C  n*n'  sinli^?)  sin(nTrn)  +  N^Rk^C  mnTr  cosInTr?)  cos(nTrr))  ) 

02mn  03mn 

-  (4/3)f  sA  in^Tt^  cos(mn^)  sin(nnr})  +  (4/3)sRf,_ 

limn  12 

B  m~nn^  sinlmn^)  sininnrj)  +  {4/3)f„(-sRA  sin(mTt^)  cos(nTtr)) 

mn  lo  mn 

-sB  Dj'nr^  cosian^)  cos(n/rn))  -  ( 16/9)h, ,  (-sA  a^rr^  cos(b?i^)  sin(n?rn) 

mn  I  1  mn 

+C  sin(mTr^)  sinlnnri))  -  { 16/9)h,,(sRB  sin{BnC)  sin(nTrn) 

mn  iZ  iin 

+R^C  sin(an5)  sinln^fT?))  -  (16/9)h  (-sRA  a^nn^ 

m  n  I o  mn 

3  3  3  4 

sin(mrr^)  cos(nJrn)-sB  a  n  cos{mif^)  co8(n»iT))  -  2RC  a  nn 

mn  mn 

2  2  3 

cos  (an?)  cos(nnT)))  -  (4/3)sR  f,_A  an  n  cos  (an?)  sinCnnn) 

1 2  mn 

+  (4/3)sR^f.,,B  n^n^  sin(an?)  sin(nnT))  +  ( 4/3 )f I -sR^A 

22  mn  2D  mn 

2  2  3  _ 

sin(Bn?)  cos(nnn)“sR  B  an  n  cos(an^)  co8(nnn)) 

m  n 

-  (16/9)h.,(-8R^A  an^n^  cos(an?)  sin(nnTi)+R^C  a^n^n^ 

i2  *n 

3in(an?)  sinlnnn))  -  (16/9)h,,(sR^B.^  n^n^  sin(an?)  ain(nnr)) 

22  mn 

+R^C  n^n^  sin(an?)  ain(nnn))  -  {16/9)h  {-sR^A  n^n^ 

mn  28  mn 

sinlan?)  cos( nnr))-sR^B  an^n^  cos(a«?)  co8(nnn)-2R^C  an^n^ 

m  n  m  n 

cos(Bn?)  cos(nnT7))  -  (8/3)sRf,,A  a^nn^  sinlan?)  coslnnr)) 

I D  mn 

-  (8/3)3R^f,,B  an^n^  coslan?)  cos(nnT))  -  (8/3)f-,(sR^A  an^n^ 

26  mn  **' 

coslan?)  sin(nnT))+sRB  a^nn^  sinlan?)  sinlnnr])) 

mn 

-  (32/9)h  l-sRA  a^nn^  sinlan?)  cos(nnT7)-RC  a^nn^  coslan?)  cosinnn)) 

16  mn  "n 

-  (32/9)h2g(-sR^B^^  an^n^  coslan?)  cos|nnr))-R^C^^  an^n^ 

coslan?)  cosinnn))  -  |32/9)h^^(-sB^A  an^n^  coslan?)  sinlnnr]) 

DD  mn 

?  3  2  2  2  4 

+sRB  a  nn  sinlan?)  sin|nnn)+2R  C  a  n  n  sinlan?)  sinlnnrj)) 
mn  mn 

+  I  s^C  sinlan?)  sin(nnr])  +  16/4032C  a^n^  sinlan?)  sinlnnr]) 

mn  mn 

+16/4032R^C  n^n^  sinlan?)  sin(nnr])+4/315sA  ^  an  coslan?)  sin(nnn) 
mn  mn 


-4/315sRB  nn  sinlan?)  sinlnnr])  ) 
mn 


I  I  sinipn?)  siniqnr]) 


d?dr]  =  0 
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where  by  inspection,  the  boundary  terms  are  zero. 

We  now  multiply  through  by  sin(  )sin(  qJ^n) 


(  131  ) 


z  E:  r  f  •!  (  a  -8d  +I6f  )(s^B  mrr  cos( mrr^  )sin(  p«^ )  cosln^rn) 

2  2 

sin(qTin)+s^RA  n^r  sin( mn^ ) 3in( pn? )  cos(nTrTi)sin(qnn)+2s  RC  mnn 

fli  n 

cos(  mrt?  )sin{  pJi^ )  cos(nnn)sin(qTrn) )  +  ( a^^-Sd^^  +  ief^^  ) 

2  2  2 

(s^A  mn  cos(mJr?)sin(pn5)  3in(nnn)sin{qnT))-s  C  m  n  sin(mn?)sin(p»r5) 

sin{nTfr))sin(qrtr)) )  +  (  a^^-8d^^+16f nn  sin(mn€)sin(p»TC) 

sin(nftn)3in(qJrn)-s^B^C  n^n^  sin(mnf  )sin(p»t5 )  sin(nnn)sin(qnT7) ) 

fiin 

2  2  2 

+  N  k  C  m~ff^  sin( mn?  )sin(  prt?)  sin(nJni)sin(qnn)+  N-R  ^  n  n 
0  1  ttin 

sin(mn?)sin(pn?)  sinlnnnlsinlqnn)  +  NQRk3C^^  ■nn^  cos(mn?)8in(pn?) 
cos(nnn)sin(qnrj)  )  -  (4/3)f^^sA^^  mV  co8(mn?)8in(pn?) 

sin(nnr|)8in(qnn)  +  {4/3)sRf 3in(mnC)8in(pn?)  sinlnnnlsinlqnTT) 

+  (4/3)f  (-sRA  m^nn^  8in(mn?)sin(pn<’  co8(nnn)sin(q»rn) 

IS  in  n 

3  3 

-sB  m^n^  co8(mn?)sin(pn?)  co8(nnn)sin(qnn) )  -  ( 16/9)h^^(-sA^^  m  n 
w  n 

sin(mn?)8in(pn?)  8in(nnn)sin(qnn)+C^^  mV^  sin(mn?)8in{pn?) 
sin(nnn)sin{qnn))  -  ( 16/9)h^2<®®®«*n  sin(mn?)8in(prt?) 

sin(nitTi)8in(qnT])+R^C  m^n^n^  8in(mn?)8in(pn?)  8in(n>n7)8in(q7n7) ) 

-  (16/9)h  (-sBA  8in(mn?)sin(pn?)  co8(nnn)8in(qnr?) 

-sB  m^n^  co8(mn?)sin(pn?)  cos(nnn)sin(qJn7)  -  2RC^^  m  nn 
ffin 

2  2  3 

coa(mn?)ain(pn?)  com(nwn)8in(qnrj) )  -  (4/3)8R  ■"  ” 

cos(mn?)sin(pn?)  8in(nnTi)8in(qnn)+  <4/3)sR^f22B^^  n  n  sin(mn? )sin( pn? ) 

sin(nnn)sin(qnT7)  +  (4/3)f2g(-sR\^  nV  sin(mn?)3in(pn?) 

cos(nnn)3in(qnrj)-3B^B  mn^n^  cos(mn?)sin(pn?)  cos(nnT7)ain(qnr}) ) 

2  2  2  ^ 

-  (l6/9)h  (-sR^A  mnV  co3(mn?)sin(pn?)  ain(nnr))3in(qnT7)+R  a  n  n 

12  *0 
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sinlmit^lsinlpw^)  sin(nTtr))sin(qrrn) )  -  (16/9)h,  (sR^B 

22  mn 

4  4  4 

sin{ Brr^ )sin(  )  sin(n?rr7)sin(qnn)+R  C  n  n  sin(aft5)sin(pTr5) 

mn 

sin(nnn)sin(qrtn) )  -  ( 16/9  )h.^  ( -sR^A  n'Tr^  sin(  nn? ) sin(  pTt^ ) 

mn 

2  2  3 

cos(nrrr])sin(qnn)-sR  B  an  n:  coslan^ )sin( pn^ )  cos( nrtn)sin( qrtry) 

HI  n 

-2R^C  mn^Tt^  cos( bJt^ )sin(  prt^ )  cos(nnn)sin(qnn) )  -  (8/3)sRf  A 

n'f'  16  mn 

sin(aTf?)sin(  prt^)  co3(nrtn)sin(qrtr))-  (8/3)sR^f,^B  an^rr^ 

2d  mn 

cos(Bn^)sin(pii^)  cos{  nmDsinI  qnrj)  +  1 8/3 ) f,,  ( -sR^A  an^n^ 

D  D  HI  n 

2  3 

cos( Bit^ )sin(  pn^ )  sin(nTrr))sin(q«T))+sRB  a  nn  siri(Bn5 )sin(  pn? ) 

m  n 

sin{nrrr})sin(q«n) )  -  (32/9)h,,(-sRA  m^nn^  sinlan^ )sin( pTt? ) 

ID  HI  n 

cos{nnTi)sin(qrtn)-RC  a^nn^  cos(Bn^)sin(pn^)  cos{nnT))sin(qnn) 

mn 

-  (  32/9)h,,  (-sR^B  an^rt^  cos(B«?)sin(  p»rC )  cos(n»n7)sin(q»n7)-R^C  an^ff^ 

2d  mn  mn 

cos(Bn5)sin(p»i§)  cos(nnT))sin(qnn) )  -  (32/9)h,,(-sR^A  an^n^ 

DO  m  n 

2  3 

cos(aTf5)sin(pn5)  sin(ntni)3in(qtni)+sRB  a  ntt  9in(tTf5)sin{pn5) 

mn 

sin(n»n7)8in(qJrn)+2B^C  a^n^n^  sin(BR^)8in(pttC)  sin(nRn)9in(qRT)) 

m  n 

+  (  s^C  sin(aR5)sin(pRC)  9in(nRT7)sin(qRT7)+16/4032C  a^n^ 

mn  m  n 

sin(BR?)sin(pR5)  sin(nRn)sin(qRn)+16/4032B^C  n^rc^  9in(BRC )sin( pR? ) 

mn 

3in{nRn)sin(qTrn)+4/315sA  aR  co8(aRC)8in(pR5)  sin(nRT])sin( qRT}) 

mn 

-4/3153RB  nR  sin(aR^)8in(pR^)  sin(nRn)sin(qRn)  )  >  d^dn  =  0  (132) 

mn  I 


We  now  siaplify  the  integration  aa  before 

®  *  f  r 

^.1  {0  o*"  0  even,  2q/R(q^-n^)  odd)(l/2  or  0)(3  an) 

m«  t  n«  t  I  ^ 

( a^g-8d^^+16f^^ )  +  (0  or  0  even,  2p/R(p^-a^)  odd)(l/2  or  0) 
(3B^n^)(-4/3f^^+16/9h^^)  +  (0  or  0  even,  2p/R(p^-B^)  odd)(l/2  or  0) 
(sR^an^R^)(-4/3f,,+16/9h,,-8/3f^^+32/9h.-)  +  (0  or  0  even, 

I  2  12  DD  DD 


104 


2p/Ti{p^-B^)  odd){l/2  or  0 )  ( 4/315<J^smTt )  +  (1/2  or  0)(0  or  0  even, 
2q/^(q^-n“)  odd)(s^Bnn)(a  -8d  +16f  )  +  (1/2  or  0)(0  or  0  even, 
2q/?r(q^-n‘' )  odd ) ( sBa^nTf^ )  ( -4f  +48/9h, ,  )  +  (1/2  or  0)(0  or  0  even, 

lo  1 6 

2q/n(q^-n^)  odd) ( sfi^n^n^ ) ( -4/3f ,^+16/9h,, )  A 

Jo  Jo  wn 

+  (1/2  or  0)(l/2  or  0 ) ( s^Bnn ) ( -a^^+8d^^-16f )  +  (1/2  or  0)(l/2  or  0) 

(sfia^nr(^)(4/3f,,-l6/9h,,+8/3f^^-32/9h,,)  +  (1/2  or  0)(l/2  or  0) 

I J  1 J  bo  Jo 

(sfi^n^n^)(4/3f,,-16/9h22)  +  <1/2  or  0)(l/2  or  0 )  ( -4/315u^sBnTt ) 

(0  or  0  even,  2p/rt(p^-a^)  oddXO  or  0  even,  2q/Tt(q^-n^)  oddltsmn) 

( a_-8d^^  +  16f )  +  (0  or  0  even,  2p/n(p^-a^)  odd)(0  or  0  even, 
2q/Jr(q^-n^)  odd)  ( )  ( 16/9h,,  )  +  (0  or  0  even,  2p/Ti(p^-«^)  odd) 

1  b 

(0  or  0  even,  2q/n(q^-n^)  odd)(3R^>n^n  ) (-4f ,,+48/9h,, )  1  B 

Jo  Jo  J  inn 

+  (1/2  or  0)(l/2  or  0)(sVn^){-ag5+8d55-16fgg)  +  (1/2  or  0) 

(1/2  or  0)(3Vn^n^)(-a^^+8d^^-16f^^)  +  (1/2  or  0)(l/2  or  0)(N,jk^«^rt^ 
+N^jR^k2n^rc^+u^s^+16/4032wVn^+16/4032w^R^n^n^)  +  (1/2  or  0)(l/2  or  0) 

( Tt^  (  -  16/9h,  ■‘’-32/9h,  ,R Vn^-16/9h„R^n^-64/9h^.B  Vn^ )  + 

II  id  dd  oo 

(0  or  0  even,  2p/w(p^-«^)  odd)(0  or  0  even,  2q/n(q^-n^)  odd) ( 23^R«nTt^ ) 
(a,^-8d^„+16f^_)  ♦  (0  or  0  even,  2p/n(p^-i^)  odd)(0  or  0  even, 

45  45  45 

2q/»t(q^-n^)  odd) (N^Rk^ann^ )  >  (0  or  0  even,  2p/n(p^-B^)  odd) 

(0  or  0  even,  2q/n(q^-n^)  odd)(64/9n^)(h^gRa^n+h2gR^an^)  j  ^ 

(133) 

Theee  equations  will  be  prograaaed  as  before. 

For  the  equation  of  notion  we  have 
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r.  Z  I  (  <  -d,,s  A  a  ^  sin(B'f^)  sin(n^^)  -  d,^s  RB  ann 

m»t  n«l  J  J  11  mn  12  mn 

0  0  Iv 

2  2 

cos(ayf^)  sin(nin7)  +  d.^(s  RA  mn^  cos{miTO  cos(nTfn) 

lb  w  n 

~s^B  sin(BTt5)  cos(nnn))  -  (4/3)f,  (-s^A  b^tc~  sin(mTr^)  sin(nTtn) 

in  n  limn 

-sC  coslart^)  sin(nTrn))  -  ( 4/3 ) f . -s^RB  an?!^  coslait^)  sin(nrcr)) 

mn  12  mn 

-sR^C  coslan?)  sininirr)))  -  (4/3  )  f ( s^RA  ann^ 

mn  lb  mn 

2  2  2  2  3 

cos(an5)  cos{nTn7)-3  B  are  sinlan?)  cos(nTfr))-2sRC  a  nit 

mn  mn 

2  2 

sin(mrr^)  cos(nnrn))  +  d.,s  RA  an/i  cos(an?)  cos(nnn) 

16  mn 

2222  2222 

-  d^^s  R  B  n  Tt  sinlan^)  cos(n«T])  +  d,,{-3  R  A  n  it 

26  mn  66  mn 

sin(Bir^)  sin|n>n7)-3^RB  antt^  cos(an5)  3in(ntrr}))  -  ( 4/3 )f , ,  ( s^RA 

mn  16  mn 

2  2  3 

antf  coslatt^)  cos( nJtn)-sRC  a  ntt  sin(an^)  cosCnttr))) 

mn 

-  (4/3)f,J-3^R^B  sinlan?)  co8( nitn)-sR^C 

26  mn  mn 

3in(ati^)  cos(ntn7))  -  ( 4/3 ) f ,, ( -3^R^A  3in(anC)  sin(nnn) 

bb  mn 

-s^RB  anit^  cosiatt?)  ain(ntiT))-2sR^C  an^tt^  coslan^)  sin(ntni)) 
n  n 

-  (  a._-8d^_+16f )(s^B  siniatt?)  cos(nTrT])+3^RC  ntr 

^b  45  mn  mn 

sinlait^)  cosinitT]))  -  (  a__-8d__+16f__  ){8^A  ainlati?)  sin(nnn) 

55  55  55  mn 

+s^C  mn  co8(a»t^)  3in(nttT|))  +  (4/3)f,,8^A  a^it^  ainfatt?)  sin(nirT7) 
mn  11  »n 

+  (4/3)  f,_s^RB  ann^  cos(an^)  sin(nTtn)  -  (4/3)f  (s^RA  antt" 

1 2  mn  15  mn 

cos(Bit?)  cos(nJn7)-s^B  m^n^  3in(att^)  cosinnr]))  +  (16/9)h 

mn  1 1 

(-s'A  rn^n^  3in(aK5)  8in(nitn)-sC  a^it^  co8(Bn5)  3in{nTni)) 
mn  mn 

+  ( 16/9)h,-{-s^RB  coslaJt?)  sin(nnT7)-3R^C  an^n^ 

IZ  an  *n 

co3(an5)  sin(nnii))  ♦  (16/9)h,^(s^RA  ann^  cos(an5)  cos(nTtn) 

lb  mn 

-3^B  a^K^  sin(BR^)  co8(nnr))-2sRC  a^nn^  ainlan?)  co8(nrrn)) 

mn  mn 

-  (4/3)f,,s^RA  anK^  co8(an^)  cos(nnn)  +  (4/3 ) f ,.s^R^B^^  n^rr^ 

16  mn  26  mn 

3in(an^)  co3(nnT))  +  ( 4/3 ) ( s^R^A  n^tt^  3in{an5)  sinlnJtn) 

6b  mn 

-s^RB  anit^  co8(att^)  3in(n»tT7))  -  (16/9)h  (-a^RA  antf 

mn  15  mn 

cos(aii5)  co8(nttT])-sRC  a^ntt^  sin(att^)  coa(nTrTi))  +  (16/9)h  (-s  R  B 

mn 
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sinian?)  cos(nnT))-sR^C  n^rr^  sintanr^)  cos(nJrr7))  +  {l6/9)h 
,2  2  2  2  2 

(-S  R  A  n  n  sin(aTf?)  sin(nnn)-s  RB  mn»t'  cosian?)  sin(nTrn) 

mn  mn 

-2sR^C  an^Tt^  coslan^)  sintnTrr)))  +  17/315w^s^A  sin(BTt^)  sinin^rn) 

w  n  (n  n 

-  4/315u~sC^^  art  cos(an?)  sin(nrrr7)  ^  ^  sin( pfr? )sin{qrtn )  d^dn  =  0 

( 134) 

where  the  boundaries  are  zero. 

We  now  siaplify  the  previous  equation  by  auitipiyini?  through  with 
( sin(  pn^)sin(qTtr)) } 


■c  T  It 

E  E  f  f 

m*  1  n*  1  J  J 


0  0 


2  2  2 

-d  s  A  a  n  sin(Bn€)sin(pn5)  sin(nnT7)sin(q7rn)  -  d., 

linn  12 


s^RB  ann^  cos( an? )sin( pn? )  3in(nnTj)8in(qnT))  +  d,,(s^BA  ann^  sinlan?) 
ff'n  IS  nn 

2  2  2 

cos(pn?)  coa(nnr))sin(qnTi)-s  a  n  sin(an5)sin(pTt?)  co3{nnn)sin(qnT]) ) 
-  (4/3)f,  ,(-s^A  a^n^  sin(Bn?)sin(pR^)  sin(nnri)sin{qTtn)-8C  a^n^ 
cos(an?)sin(pn?)  8in(nnn)ain(qnn) )  -  (4/3)f ,,(-s^RB  ann^  coslan?) 

1  d  nn 

2  2  3 

sin(pn?)  3in(nnrj)8in(qnr7)-sR  C  an  n  co8(Bn?)3in(pn?) 

nn 


sin( nnnisinlqnn) ) 


(4/3)f  (3^RA  ann^  co8(an?)8in(pn?) 

1  o  nn 


2  2  2 

cos(nnrn)sin(qnn)-3  B  an  3in(Bn?)8in( pn? )  co8(nnrj)8in( qnT7)-2sRC 

nn  n  n 

2  3  2  2 

a  nn  sin(Bn?)sin(pn?)  co8(nnn)sin(qnn) )  +  d,,8  RA  antt 

Id  nn 

_  _  2  2  2  2 

cos(Bn?)8in(pn?)  co8(n>n7)8in(qn?7)  -  d_-S  R  B  n  n  sin{Bn?)sin(pn? ) 

ZD  nn 

2  2  2  2 

cos(nnn)8in(qnT7)  +  d.-(”S  R  A  n  n  8in(an?)sin(pn?)  3in(n»ni)sin{qnr)) 

Dp  nn 

-s^RB  ann^  co8(aiK?)ain(pn?)  sin(nnn)sin(qTrn) )  -  (4/3)f  ,^(s^RA 

nn  ID  nn 

2  2  3 

ann  cos( an?)8in( pn?)  co8(nnrj)sin(qnr])-8RC  a  nn  sin(an?)8in(pn?) 

nn 

cos{nnn)sin(qnT]) )-  (4/3)f,.{-3^R^B  n^n^  3in(an?)3in(pn?) 

2  D  nn 

3  3  3 

cos(nnr))8in(qnn)-sR  C  n  n  3in(Bn?)sln(pn?)  cos(nnn)8in{qnn) ) 

n  n 

-  ( 4/3 ) f, , ( -s^R^A  n^n^  sin{Bn?)sin(pn?)  3in(nnn)3in(qnn) 

DD  nn 
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-s^RB  mnTf^  cos(  )3in(  )  sin(  n^fr] )  sin(  qrtn ) -2sR^C  nn^rt^ 

mn  mn 

cos(  )sin(  pTt^ )  sin(  nrtn)sin(  qTtn) )  -  (  a^_-8d^ -  +  16f  )(s^B  sin(an^) 
sin(pTt^)  cos(n»n7)sin{qnr))+s^RC  nrt  sin(  )sin(  pn^)  cos(nJn7)sin(qnn)  ) 

ffin 

~  (  a  -8d  +I6f  )(3^A  sinCaw^  )sin(  pJt^ )  sin(n7tn)sin{qTtr?) 

mn 

+sC  mn  cos{  )  sin(  prt^  )  sin(nnn)sin(qnr|)  )  +  (4/3)f  s^A  m^Ti^ 

Kn  11  mn 

sin(mft?  )sin(  )  sin(nnn)sin(qJtn)  +  (4/3)  mtinr^  cosimnE,) 

12  m  n 

sin(p7i^)  sin(  n/n7)sin(qnr))  -  ( 4/3  )f ,,  (s^RA  mnn^  cos{mnE)sinlpnE) 

I  o  m  r\ 

'>  2  2 

cos( nrtr))sin( qrt77)-s'B  a  n  sin(an^)sin(pn?)  cos(nJtr7)sin(qJtr)) ) 

fn  n 

+  ( 16/9 ) h,  ( -s^A  m^n^  3in( aft^ )sin( pn? )  sin( n^nlsinl qTtr)) 

1  I  mn 

-sC  cos(  Bn^)sin{  pft?)  3in(ntrn)8in{qnT7) )  +  ( 16/9)h.,(-s^RB  ann^ 

m  n  1 Z  m  n 

2  2  3 

cos(aTf5)3in(pTf5)  3in(n»rn)3in(qTfr))-sR  c  an  n  coa(Bn5)3in(pn5) 

mn 

3in(  nnn)sin(qiiT)) )  +  ( 16/9)h,^(3^RA  ann^  co3(bti5  lain  (pit?)  co8(nnr|) 

lo  mn 

2  2  2  2  3 

sin(q»ni)-3  B  an  sinfan^lsinipn^)  co3(nnT])sin(qnT7)-2sRC  a  nn 

mn  mn 

sinlan^lainlpn?)  co8{nnTi)ain(qnT)) )  -  (4/3)f,-8^RA  ann^  co8(Bn5) 

1  o  mn 

3in(pn^)  co3{nnr))3in(qnT))  +  (4/3)f_,s^B^B  n^n^sin(an€)3in{pn5) 

Zo  mn 

cos(nnr))sin(qnn)  +  (4/3)f,,(s^R^A  n^n^  sinlan^ )sin( pn^ )  sinlnnrj) 

oD  mn 

sin(qnT7)-s^RB  ann^  co8(an5)8in(pnf )  ain{nitr}}3in{qnr)) )  -  (16/9)h,, 
m  n  lb 

2  2  2  3 

(-3  RA  ann  cos(an^)sin(pn?)  cos(nnT7)gin{qnT))-sBC  a  nn 

m  n  m  n 

sin(an5)sin(pn?)  cos(nnr])8in(qnn) )  +  ( 16/9)h_.(-s^R^B  n^n^  sin(an^) 

ZD  mn 

3  3  3 

sin(pn§)  co8(nnn)8iD(qnr))-8R  C  nn  sinlan^lsinlpn?)  coainnrDsinlqnr)) ) 

mn 

>  ( 16/9)h^.{-8^B^A  n^n^  sin(an^)sin(pn^)  sininnnlsinlqnnl-s^RB  ann^ 
66  mn  oin 

cos(an^)8in(pn^)  8in(nnT])8in(qnn)-23B^C  an^n^  cos(an^)sin(pn^) 

m  n 

sin(nnT7)9in(qnT)) )  *  17/315«^s^A  sinCan^lginCpn?)  sin(nnTi)sin(qnr)) 

mn 

-  4/315w^sC  an  cos(an^)sin(pn^)  sin(nnT])3in(qnT])  >  dC  dn  =  0  (135) 

mn  I 

L'sin?  the  integration  notation 
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r,  r,  \  {l/2or  0)(l/2or  0 )  { )  ( -d,  +8/3f ,  -l6/9h,  )  f  ( l/2or  0) 
(1/2  or  0)(s^R^n^n^)(4/3f,^-d^^+8/3t'  ^-16/9h^^)  +  (1/2  or  0)(l/2  or  0) 

lo  bo  ob  bb 

(s^)(-a^5^-8d^^-16f^g)  +  (1/2  or  0)(l/2  or  0 )  1 17/315^%^ ) 

(0  or  0  even,  2p/n{p^-ia^ )  odd)(0  or  0  even,  2q/Ti(q^-n^)  odd )  ( s^RmnTt^ ) 

(2d,^-4/3f,  -16/3f,  +32/9h,^)  A 

16  12  16  16  mn 

+  (0  or  0  even,  2p/rt(p^-m^)  odd)(l/2  or  0 )  ( s^Rmnit^ ) 

'-^2A6-^8/3f^^.4/3f^3-16/9h^^-16/9h^J  .  (1/2  or  0) 

(0  or  0  even,  2q/n{q^-n^)  odd) ( ) (-d, ,+4/3f , ,-16/9h.,  )  +  {1/2  or  0) 

1 0  1 0  1  o 

(0  or  0  even,  2q/i^(q^-n^)  odd)  (s^)  t~®’^5+®d^g-16f^g )  +  (1/2  or  0) 

(0  or  0  even,  2q/Tt(q^-n^)  odd)  (a^R^n^n^)  (-d,^+8/3f,^-16/9h,, )  j  B 

2o  2&  2b  I  ntn 

+  (0  or  0  even,  2p/it(p^-a^)  odd)(l/2  or  OXsR^an^n^) 

(4/3f,,+8/3f^^-16/9h,,-32/9h  ^)  +  (0  or  0  even,  2p/n{p^-in^)  odd) 

12  bb  12  bb 

(1/2  or  0)(sB^rt^)(-16/9h^^)  +  (0  or  0  even,  2p/Tt(p^-a^)  odd)(l/2  or  0) 

( s^aTi )  ( -a__+8d__-16f__ )  +  (0  or  0  even,  2p/Tt(p^-a^)  odd)(l/2  or  0) 

b  b  b  b  b  b 

( -4/315u^SBTr)  +  (1/2  or  0)(0  or  0  even,  2q/n(q^-n^)  odd )  ( sRa^nJt^ ) 

( 4t',,-48/9h,  - )  +  (1/2  or  0){0  or  0  even,  2B/n(B^-p^)  odd)  ( sR^n^n^ ) 

lb  lb 

(4/3t^^-l6/9h„)  ]  C.,  I  .  0  1136) 

For  the  6Vy  equation  of  Botion  we  have 

[  I  d,_3^RA  ann^  cos(b»i5)  co3{nTtT7)  -  d,,s^R^B  n^n^ 

m» 1  n«l  J  J  1  12  *n  22  mn 

0  0'. 

2  2  2  2  2  2 
sin(mff?)  co3{nnT))  +  d,,(-3  BA  n  n  sinlan?)  sin(nnr))-s  RB  Bnn 

26  wn 
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cosimff?)  sinln^n))  -  ( 4/3)t'^  ,(s'RA^^  ran’’''  coslmTf^:)  cos(n"n) 

-sRC  in'n?T'  sinininf?)  cos(nrrn))  -  M/'i )  t'  -s'R‘B  sinimn^) 

cos(  nff'l ) -sR^C  sin(inTr(;)  cos(nnn)) 

!T>n 

-  (4/3)f  (-s‘"R“A  sin(  nT’n ) -s'RB  an^~  coslin’^^)  sin(n^'3) 

J  6  m  n  m  n 

>  5  -j  7  -> 

--sR'C  inn'n'  coslmn?)  sin(nnn))  -  d.^s'A  in'n-'  sin(inrr^)  sin(nfin) 

<1^(1  1  b  ff»  n 

^  ?  Z  2 

-  d  s  BB  mnn"  cos(inn^)  sin(nnn)  +  d^^ts  RA  mn^r  cos(inn^)  cosInTrn) 

26  mn  66  mn 

-sB  SLn{(nn^)  cos(n^n))  -  (  4/3 )  f ,  ^  ( -s~A  sinlmTi?)  sinln^fH) 

n)  n  I  b  n\  r\ 

IT  ^2 

-sC  m  "  ‘  cosImTf^)  sininffH))  -  (4/3)t’  ^(s  RA  mnn  cos(infr^)  cos(n?tn) 

-nn 

?  5  j  ^  2  2 

-s'R“C  mn-'T'  cosdnfr^)  sin(nfrn))  -  (4/3)t'  .(s  RA  mnTr  cos(inrr^) 

mn  66  mn 

cos(  n'Tri )-s‘8  sinlmn^)  cos{ni^n)-2s^RC  a^nn^  sin(iB7T^)  cos(n?rn)) 

mn 

-  (  a  -8d  +16f  )(s^B  sinimK^)  cos(  nTrn)+s'RC  n^t  sin(mrt^) 

^  ^  4  ^  ^  4  mn  mn 

4  1 

cQsinnn))  -  (  a  ^-8d  ^  +  )(s  A  sinlnrr^)  sin(nTtn)+s  C  ibtt 

45  45  45  mn  mn 

coslBff?)  sin(nrtn)l  -  (4/3)t\^s"RA  mnrr^  coslmn^)  cos(n?rn) 

I  Z  m  n 

+  ( 4/3 ) f _ sin(«n5)  cosinnr?)  -  n~n~ 


22 


mn 


o  '> 

sin(iaJT€)  sin(nffr7)-s‘‘RB  anTr*  coslmn^)  sinlnTtr])) 

m  n 

5  2  2  “3 

+  (16/9)h  (s-RA  mnTt  cosCbJT?)  cos(nrcn)-sRC  b  n^:'  sinlart?)  cos(n?f’7)) 

12  mn  mn 

+  (16/9)h  (-s"R"B  sinlan?)  cos( nnn)-sR^C  sin(B7T^)  cos(nTrrj) 

22  mn  mn 

•t  (18/9)h  (-s^R^A  sin(«Jr5)  sin( nm7)-s“RB  ann'  cos(BTtP)  sinlnrrn) 

26  mn 


mn 

3sR‘C  an^n^  cosCan?)  sin(nnn))  +  {4/3)t’,^s'A  m^rr^  sin<BTr^)  sininrrr?) 

mn  16  mn 

2, 


+  (4/3)f  s'^RB  ann^  coa(nn^)  sinlnnr])  +  ( 4/3 )  f,,  ( -s^RA  anir^  cos{b7i^) 
26  mn  66  mn 

cos(n»'rT))-8^B  a^rt^  sin(a»T5)  cos(n''rn))  +  (16/9)h  (-s“A 

mn  16  mn 

sin(Bn51.  sin(nnT])-3C^^  a^n^  cos(Bn^)  sin(nTtTi))  +  ( 16/9 ) ( -s"RB^^  anii 

2  2  '’I 

cos(Bff€)  sin(n«rj)-a  R  C  an-if  cos(b»^5)  sin(nTtn)) 

m  n 

+  (l6/9)h  (s^RA  ann^  cos(bit^)  cos( nirnl-s'B  a'^r^  sinlBir?)  coslnnr?) 

66  mn  mn 

-2sRC  B“nn'  sinian?)  cos(nnn))+  'j"  (  l7/315s‘B__^  sin(Bn^) 
cos(nnn)  -  4/315sC  nn  sin(Bit^)  cos(aTtn))  | 


no 


sin(pTt^)  cos(qrtn)  ^  d?  dn 


'o  ^  pi  f  r 
E  z 

,.l  p.l  [ 


d.^s  A  mTr  cos(m»T^)  sin(O)  -  d,,s‘'RB  nir  sinianF) 

1 2  wn  ’  ^  ^r\  ^ 


sin(0)+  d,^(s^RA  nir  sin(niff^)  cos(0)+s^B  nn  cosimfr^)  cos(O)) 

26  mn  mn 

-  (4/3)t'  ,(s~A  mrt  cos(mn5)  sin(0)-sC  sinlmn^)  sin(O)) 

-  (  4/3  )  t' -s^RB  nn  sinlmn:^)  sin(0)-sR^C  n'lr"  sin(inTT^)  sin(O)) 

-  (4/3)f,  (s^RA  nn  sin(mrr^)  cos(0)+s“B  mif  cos(mTi^)  cos(O) 

_  V  ffin  wn 

+2sRC  mriTJ^  cos(mn^)  cos(O))  -  (8/3)f,.s^A  an  cos(mTr?)  sin(O) 

m  n  1 2  m  r\ 

+  (8/3)f  ,^s^RB  nif  sinlmTt?)  sin(O)  -  ( 8/3 ) f .,  ( s^RA  nn  sinlnn^)  cos(O) 

22  mn  26  mn 

+s“B  cos(mTt^)  cos(O))  +  ( 32/9 )h,  ,(  s^A  mn  cos{inTr^)  sin(O) 

mn  12  mn 

-sC  sin(Bir?>  sin(O))  +  ( 32/9)h-_( -s^RB  nw  sin(aiT?)  sin(O) 

m  n  2  2  (11  n 

-sR^C  n“fr^  sin(aJi^)  sin(O))  +  ( 32/9  )h.,  ( s'RA  nn  sinlan^)  cos(O) 

mn  2o  mn 

+3^B  art  cos(mTC^)  cos(0)+2sRC  anw^  cosimn^)  cos(O)) 
mn  mn 


sin(prtC)  cos(O) 


+  I”  -d.^s^A  an  cos(an5)  sin(nn)  +  d__s^RB  nn  3in(an5)  3in(nn) 
Ii2mn  22mn 

2  2 

*  d^, (-3  RA  nn  sin(an^)  co8(nn)-s  B  an  cos(an^)  co3(nn)) 

26  mn  mn 

-  ( 4/3 ) f . ^( -s^A  an  co8(an^)  sin(nn)+3C  a^n^  3in(an^)  3in(nn)) 

1 2  m  n  m  n 

-  (  4/3  )  t',_(  3^RB  nn  sin(Bn^)  8in{nn)+sR^C  n^n^  sin(an^)  3in(nn)) 

22  mn  mn 

-  (4/3)f,-(-8^RA  nn  8in(an^)  cos(nn)-s^B  an  coalan?)  cos(nn) 

2o  an  mn 

-2sRC  ann^  co8(Bn^)  co8(nn))  +  (8/3)f  s^A  an  co3(an^)  sin(nn) 
mn  12  mn 

-  (8/3)f__8^RB  nn  8in(an^)  3in(nn)  -  (8/3)f  (-3^RA  nn  sinlan^) 

22  mn  26  mn 

cos(nn)-s^B  an  co8(an^)  co3(nn))  +  (32/9)h, _( -8^A  an  cos(Bn5)  sin(n’T) 
mn  1 2  m  n 

+3C  B^n^  sin(an5)  sin(nn))  +  (32/9)h,_(3^RB  nn  sin(an5)  sin(nn) 
mn  22  mn 

+sR^C  n^n^  sinian?)  3in(nn))  +  (32/9)h,^{-3^RA__  nn  sin(Bn^)  cos( nn ) 
mn 


-s“B  nw  cos(iD?r^)  cos(nn)+2sRC  mnn  coslanf)  cosInTr)) 

w  n  m  n 


sin{pn?)  cosiqn:) 


=  0 


(  137) 


We  now  will  siaplify  the  above  by  usin?  sin(O)  =  sinlmn)  =  0  and 
cos(O)  =  1  to  yield 


mSl  nml  I  J  I  COS  (  OTt^  )  S  in  (  pTT?  )  COS  (  nJir) )  COS  (  qTTT]  )  -  d,, 

0  0  1 

<2322  222*^ 

s  R  B  n  Tt  sin( afi?)sin(  pn^)  cos(nnn)cos(qnr])  +  d  (-s  R  A  n  >r“ 

"f*  26  Bin 

sin(mn?)sin(pn^)  sin(nTtn)cos{qnr))-s^RB  ann^  coslarr^lsinlpn^)  sin(nnr)) 

III  n 

cos(qTrr)))  -  (4/3)f  (s^RA  anw^  cos(an5)sin(pTi5)  cos{nTrT))coslq»rT)) 

1  2  (M  n 

-sRC  a~nn^  sinlan? )sin( pn? )  cos(nnT))co8(qnr|) )  -  (4/3)f  (-s^R^B 

22  mn 

sin(Bit5)sin(pn5)  coa(nnr))co9(qTrn)-8R^C^^  n^Tt^  sinlan^lsinlpn^) 
cos(nrrn)co8(qnT]))  -  (4/3)f,-(-s^B^A  sinlanf )sin(pn5) 

co  wn 

_  2  2 

sin{nnr))cos(qTrr))-s  RB  ann  co8(«n|)sin( pn? )  8in(nTrn)cos(qTrn) 

III  n 

-2sR^C  an^n^  cos(  an^  )sin(  pn? )  sin(nTrT])cos(  qJrn) )  -  d  s^A  a^n^ 

mn  16  mn 

2  2 

sinlart^ )sin( pn^ )  8in(nnTi)coa(q»n7)  -  d_-8  RB  ann  co8(an5)sin{ pn^ ) 

2o  nn 

2  2 

sin(nnn)cos{qnT7)  +  d--(s  BA  ann  co8(an5)sin(pn5)  cos{nnn)cos(qnn) 

OO  Mfl 

-sB  a^n^  sinlan5)8in(pn5)  co8(nnTj)co8<qnT]) )  -  ( 4/3 ) f  ( -a^A  a^n^ 

»nn  16  mr\ 

3  3 

sin(Bn?)sin(pn§)  sin(nini)coa(qni7)~sC  a  n  coslanOainlpn?) 

vin 

2  2 

sin(nnn)cos{qnTj) )  -  (4/3)f_-(9  RA  ann  coalanf  )sin(pn^)  cos(nnTi) 

26  Rtn 

2  2  2  3 

co9(qnrj)-s  R  C  an  n  co8(an5)8in(pn5)  8in(nnT))cos(qnr))  -  (4/3)f 

Mfl 

2  2  2  2  2 
(s  RA  ann  co9(an5)8in(pn5)  co9(nnT))co9(qnTi)-s  B  an 

^  n  fun 

2  2  3 

sin(  an^  )sin(  pn^ )  co9{nnT7)coa(qnT])~29  BC  a  nn  9in(an^)8in(pn5) 

fiin 

cos(nnn)cos(qnn) I  -  (  *“8d, ^+16f ^ ^  )(s^B  ainlan^ )8in( pn? ) 

4^  nin 

3 

cost  nnri)cos( qnn)+9  RC  nn  ain(an^)sin( pn^ )  co9(nnT])co8(qnn) ) 


66 
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-  (  a  ^-8d,^+l6f  ){s^A  s  Ln(  )  sin(  )  s  ml  nrrn  )cos(  qnn  )+s^C  an 

^5  AS  AS  ff>n  ^  mn 

2 

cosl  an^  )sin(  pnP  )  sin(  nnn  )cos(  qnrj !  )  -  (4/3)t‘  ^s'RA  ann'  cosl  an^sinl  pn^  ) 

I  c  mn 

cosl  nnr)  )cos(  qnn)  +  (  4/3  I  f n"n"  s in(  an^ ) s in(  pn^ ) 

22  mn 

cosl nnn  )cos( qnn )  -  1 4/3 )  , ( -s'R'A  n“n“  sinl an^ )sin( pn^ )  sinlnnn) 

2o  mn 

2  2 

cosl  qnq ) -s“RB  ann"  cosl  an^  )  sinl  pn^ )  s  in  (nnr))  cosl  qnn )  ) 

m  n 

2  2  ''1 
+  (16/y)h  (s  RA  ann  cos' an^ )s in( pn^ )  cos ( nnr) )cos ( qnn ) -sRC  a'nn' 

12  m  n  mn 

sin(an^)3in(pn^)  cos ( nnn ) cos ( qnt) ) )  +  { 16/9)h,,( -s^R^B  n^n^ 

22  mn 

3  3  3 

sinl an^  )sin( pn^  )  cosl nnn)cos{ qnn)-sR  C  n  n  sinl an^ )sin( pn^ ) 

mn 

cosl nnn ) cosl qnn ) )  +  ( 16/9 ) ( -s^R^A  n^n“  sinlan^ )sin( pn^ ) 

2o  mn 

•?  2 

sin(nnn)cos(qnn)-s'RB  ann  coslan^jsinl pn^)  sinlnnnicoslqnn) 

m  n 

-2sR'’C  an^n^  cosl  an^  )sin(  pn^)  sin(nnn)cos(qnn) )  +  (4/3)f.,s“A  a^n^ 

mn  lo  mn 

2  2 

sinlan^lsinlpn^)  sinlnnnlcoslqnn)  +  (4/3)f_,s  RB  ann  cos(an^) 

2  b  m  n 

sinlpn^)  sin (nnn) cos (qnn)  -  (4/3)f,,(s^RA  ann^  coslan^jsinlpn^) 

Ob  mn 

2  2  2 

cos(nnn)coa(qnn)-3  B  an  sin(Bn5)sin( pn^)  cosl nnn) cos (qnn) )  + 

m  n 

( 16/9)h,.l-s^A  B^n^  sinlan^jsinlpnf )  sin(nnn)cos(qnn)-sC  a^n^ 

lb  mn  mn 

ccslan^ )sin( pn^)  sin(nnn)cos(qnn) )  +  ( 16/9)h_, ( -s^RB  ann^ 

2b  mn 

2  2  2  3 

coslan^ )sin( pn^ )  sin(nnn)cos( qnn)-s  R  C  an  n  cosl an^ )sin( pn^ ) 

mn 

smlnnnicoslqnn) )  +  ( 16/9 )h^, ( s^RA  ann^  cosl an^ )sin(  pn^ )  coslnnn) 

bb  mn 

2  2  2  2  3 

cos(qnn)-s  B  an  sin(an^)sin(pn^)  cos(nnn)cos(qnn)-2sRC  a  nn 

mn  mn 

sin(an^)sin(pn5)  co8(nnn)cos(qnn) )♦  (  17/315s^B  3in(Bn5)sin(pn^) 


cosl nnn )cosl qnn)  -  4/315sC  nnsin(Bn5>sin(pn5)cos(nnn)cos(qnn) )  ?  d^dn 


^  I'  ( 

"”1  '^0  I 


d,^(s^RA  nn  sin(Bn5)sin(pn5)+s  B  an  cosl an^ )sin( pn^ ) ) 
2b  mn  mn 


-  (4/3)f  ^(s"RA  nn  sinlan^ )sin(pn^ )+s^B  an  coslan^ )sin( pn^ ) 

26  mn  mn 

+2sRC  ann^  coslan^ )sin( pn^ ) )  -  (8/3 ) f I s^RA  nn  sinl an^ )s ini pn^ ) 
mn  26  mn 

+s^B  an  coslan^)sinlpn^) )  +  (32/9)h_, (s^RA  nn  sinlmn?)sin(pn^) 
mn  26  mn 


U3 


•►s^B  aJt  cos(mn5)sin(pn?)+2sRC  ann“  cos( an?  )sin(  ) ) 

mn 

2  2 
+  cl^^{-s'RA  nff  sinlan? )sin( pff? )  cos(nff )cos( qn )-s“B  an  coslan^) 

26  mn  ^  mn 

sin(prr^)  cos(  nnr  )cos(qfr) )  -  {4/3)f,  (-s“R.A  nn  sin(  aTr^)sin(  p^^ ) 

4.0  fh  n 

cos(nit )cos(qn )-3^B  b«  cos(m?r^ )sin( pw? )  cos(n7r )cos{qrt ) 

(11  n 

-2sRC  mnrt^  cos(  aff^  )sin{  prt^ )  cos(nrt  )cos(q?r) )  -  ( 8/J  1 1'  ^  ( -s^RA  nrr 
mn  26  mn 

sin{  )sin(  pit^  )  cos(  nrr  )cos<qrr  )-s^B  art  cos(  art^  )siT(  prt^  ) 

mn 

cos( nrt  )cos( qrt )  )  +  ( 32/9 ) ( -s^RA  nrt  sin( art^ )sin( prt^ ) 

26  mn 

2 

cos( nrt )cos{ qrt )-s  B  art  cos(art^)sin(prt^)  cos( nrt )cos(qrt ) 
fn  n 

+2sRC  anrt^  cos(Brt5)sin( prt^ )  cos(nrt)cos(qn) )  >  =  0  (138) 

mn  I 

Usin^  integration  notation  we  have 

X  x  ^  P 

E  E  <  (0  or  0  even,  2p/rt{p^-a^)  odd) (1/2  or  0)(a^Banrt^) 

ma  I  n*  I  1  1 

<^2-8/3f,2*<l66-4/3f3^-4/3f^^H6/9h^3n6/9hg^)  .  (1/2  or  0) 

(0  or  0  even,  2n/n(n^-q^)  0dd)(sVnV)(-d25+8/3f2g+4/3fgg-16/9h25 ) 

+  (1/2  or  0)(0  or  0  even,  2n/rt(n^-q^)  odd)(8^B^rt^) 

(-d,,+8/3f,--16/9h,. )  +  (1/2  or  0)(0  or  0  even,  2n/rt(n^-q^)  odd)(s^) 

(-a._+8d^_-16f^_ )  +  (1/2  or  0) ( l-cos(nrt )cos(qrt) ) ( s^Bnrt) 

^6  ^6  ^6 

+  1^  (1/2  or  0)(l/2  or  0)(aVnV)(-d22+8/3f22"l6/9h22)  +  (1/2  or  0) 

(1/2  or  0)(8Vn^)(-d,.+4/3f  -16/9h^^)  +  (1/2  or  0)(l/2  or  0)(3^ 

(-a^^+8d^^-16f^^)  +  (1/2  or  0)(l/2  or  0)( 17/315w^3^)  +  (0  or  0  even, 

2p/rt(p^-B^)  odd)(0  or  0  even,  2n/rt(n^“q^)  odd) (s^Banrt^ ) ( -2d2g+4f 

-32/9h,^+4/3f^^ )  +  (0  or  0  even,  2p/rt(p^-B^)  odd)( l-cos(nrt)cos(qrt) ) 

26  66 
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(s  iDn)((d2^-4f2g+32/9h2g) 

+  ^  (1/2  or  0)(l/2  or  0 )  (  sRm'nrr^  )  ( 4/3f  ^  ,+8/3f^^-l6/9h^  ,-32/9hg^  ) 

+  (1/2  or  0)(l/2  or  0 )  { sR^n^tr^  )  ( 4/3f  22-16/9h22  )  +  (1/2  or  01(1/2  or  0) 
(s^RnTi)  (-a^^+8d^^-16f^^  )  +  (1/2  or  0)(l/2  or  0  )  ( -4/315w''sn?i ) 

(0  or  0  even,  2p/n(p^-B^I  oddXO  or  0  even,  2n/ff(n^-q^)  odd )  ( sR^mn^ff^ ) 

( 4t’  --48/9h.,  )  +  (0  or  0  even,  2p/T'r( p^-«^ )  odd)(0  or  0  even, 

2d  2d 

2n/Tt(n^-q^)  odd)  (  sb^ti^  )  ( 4/3f  ,,-l6/9h,,  )  +  (0  or  0  even,  2p/7r(p^-m“)  odd) 

ID  ID 

(0  or  0  even,  2n/n{n^-q^)  odd) ( s^bJT) (-a^g+8d^g-16f ^^ )  +  (0  or  0  even. 


2p/n(  p“-m^  )odd)  ( l-cos(  nTf  )cos(  qn) )  ( sRmnJr^  )  ( -8/3f  ,,+64/9h  ) 

2d  2d 


Ic  U 
J 


(139) 
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III.  Discussion  and  Results 

We  will  now  focus  on  the  computer  routines  that  were  used  to 
accomplish  the  stated  objectives.  Discussion  will  also  be  given  on  the 
two  laminated  plates  chosen,  along  with  all  analyses  performed  on  each 
of  the  plates. 

Computer  Routines 

Three  individual  computer  programs  were  written  to  facilitate 
solution  of  the  Galerkin  equations.  Natural  frequencies  and  buckling 
loads  using  the  equations  derived  in  the  last  chapter  would  be  very 
difficult  to  obtain  by  hand  without  the  aid  of  the  computer.  The  first 
program  generates  the  dimensional  and  nondimensional  plate  stiffnesses 
for  a  symmetric  laminate.  The  Galerkin  algorithm  is  carried  out  in  the 
second  program.  The  stiffness  and  mass/inertia  matricies  are  generated 
to  set  up  the  eigenvalue  problem  [A}xsX[B}x  where  [A]  is  the  stiffness 
matrix  and  [B]  is  mass/inertia  matrix  as  seen  in  Eq.(90)  on  page  61.  A 
third  program  was  written  to  solve  the  eigenvalue  problem.  Each  program 
will  be  described  below. 

The  first  program  generates  the  dimensional  and  nondimensional 

stiffnesses  of  laminated  plate.  Only  the  stiffnesses  which  correspond 

to  a  symmetric  plate  are  given  as  output.  The  laminate  density  is  also 

generated.  Each  individual  lamina  requires  an  orientation  angle, 

distance  from  midplane,  unidirectional  material  properties,  and  density 

as  input.  Shear  moduli  is  set  equal  to  G^^  ^23 

G  .  The  reduced  stiffnesses  (Q./s)  and  transformed  reduced 
\2  I  j 

stiffnesses  (Q_’3)  are  then  computed.  Laminate  stiffnesses  are  next 
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calculated  with  the  transformed  reduced  stiffnesses  and  the  position  of 
the  lamina  with  respect  to  the  midplane.  Each  stiffness  is  summed 
within  a  loop  and  is  continued  until  each  ply  has  been  laid  up. 
Finally,  the  stiffnesses  are  printed  out,  normalized  stiffnesses 
calculated,  and  normalized  stiffnesses  printed  out.  A  iistini?  of  the 
proairam  is  found  in  Appendix  A. 

Program  number  two  generates  the  stiffness  and  mass/inertia 
matricies  by  carrying  out  the  Galerkin  algorithm.  This  program  is 
unique  because  it  has  the  ability  to  give  vibrational  and  buckling 
solutions  for  the  higher  order  theory  and  two  first  order  theories.  One 
first  order  theory  assumes  the  shear  correction  coefficient  to  be  5/6 
and  the  other  can  use  two  coefficients  of  the  users  choice.  The  two 
coefficient  option  was  not  exercised  for  this  work. 

The  program  is  comprised  of  basically  five  sections:  input, 
integration,  stiffness  matrix  generation,  mass/inertia  matrix 
generation,  and  output.  The  three  middle  sections  are  placed  within 
several  loops  to  form  all  of  the  terms  and  equations  needed  for  the 
Galerkin  algorithm. 

The  first  section  reads  laminate  input  data  from  the  file 
"GALIN"  and  performs  minor  calculations.  Higher  order  theory, 
vibration,  and  rotatory  inertia  flags  are  read  first  to  determine  the 
type  of  problem  to  be  run.  For  example,  if  HOT  =  1  then  the  higher 
order  theory  will  be  run;  otherwise,  if  HOT  *  I  the  first  order  theory 
will  be  executed.  Next,  MMAX  and  NMAX  are  read  to  define  the  number  of 
terms  and  equations  in  the  Galerkin  algorithm  and  thus  the  size  of  the 
problem.  Plate  dimensional  data  is  read  next.  The  following  line  takes 
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the  plate  weight  densitv  and  transverse  modulus  along  with  two  shear 
correction  coefficients  (for  the  double  correction  scheme)  and  the 
proportional  loading  coefficients.  Stiffnesses  for  a  svmmetric  laminate 
are  read  next.  Higher  order  stiffnesses  are  set  equal  to  zero  when 
running  the  first  order  theory.  Logic  to  implement  either  of  the  first 
order  theory  coefficients  follows  the  input  section. 

We  then  proceed  into  the  nested  loops  of  the  Galerkin 
algorithm.  Integration  is  performed  in  this  section  by  using  the 
functions  as  defined  in  the  last  chapter.  The  terms  EOTESTl  and  E0TEST2 
are  logical  values  to  determine  whether  the  sums  M+P  or  N+0  are  even  or 
odd  respectively. 

The  third  section  computes  the  stiffness  terms  for  each  of  the 
three  equations  of  motion.  These  equations  were  derived  for  ail  three 
boundary  conditions  and  include  the  integration  functions  which  are 
evaluated  in  the  previous  section.  After  ail  nine  values  have  been 
computed,  they  are  stored  in  the  matrix  [ST].  A  negative  sign  is 
included  to  effectively  separate  the  stiffness  terms  from  the 
mass/inertia  terms  by  moving  them  to  the  other  side  of  the  equation. 

Section  four  contains  the  necessary  code  to  compute  mass  and 
inertia  terms  for  both  vibrational  and  buckling  analyses.  It  can  be 
seen  that  the  mass/inertia  terms  for  high  order  theory  and  the  first 
order  theories  are  quite  different  for  vibrational  solutions  but  are 
identical  for  buckling  solutions.  L.AMl  and  LAM2  are  quantities  factored 
out  for  convenience. 

The  last  section  simply  writes  the  stiffness  and  mass/inertia 
matricies  to  the  file  "EIGI.N"  for  storage.  MMAX  is  also  written  to 
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simplify  the  eigenvalue  solver  routine.  Complete  file  listings  for 
"GALERKl",  "GALERK2",  and  "GALERK3"  for  the  three  boundary  conditions 
are  given  in  Appendix  B. 

Program  three  , "EIGEN",  is  the  routine  used  to  solve  the 
eigenvalue  problem  I  see  Eq.(90)  page  61).  It  simply  reads  the  stiffness 
and  mass/inertia  matricies  from  the  file  "EIGIN"  (which  were  generated 
by  program  number  two),  calls  the  IMSL  general  eigensolver  routine  GVCRG 
[17],  and  prints  the  results  to  the  file  "EIGOUT".  The  IMSL  routine  was 
chosen  because  it  is  a  ready  to  run,  robust  package.  The  routine  GPIRG 
was  is  also  called  from  the  IMSL  package  to  compute  the  performance 
index  of  the  solution.  The  performance  index  is  a  measure  of  how  well 
GVCRG  performed  in  that  it  can  be  used  to  find  the  number  of  significant 
digits  in  the  solution  [18).  A  complete  program  listing  may  be  seen  in 
Appendix  C. 
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Analysis  Performed 

Characteristics  of  the  first  order  theory  and  the  higher  order 
theory  were  investigated  for  ail  three  boundary  conditions.  Vibrational 
and  buckling  solutions  were  obtained  for  all  combinations  of  theories 
and  boundaries.  Convergence  studies  of  the  Galerkin  technique  were 
performed.  Span-to-depth  ratios  were  varied  to  comprehend  its  effects 
on  the  natural  frequencies  and  buckling  loads. 

Laminated  Plate  Properties  Two  different  laminated  plates  were 
used  in  the  analysis.  Plate  number  one  has  a  layup  of  [0,„/90_„]  and 
plate  number  two  has  a  Layup  of  [^45_.]  .  Both  plates  were  square  and 

50  s 

one  inch  thick.  The  span  of  each  plate  was  varied  depending  on  the 
desired  span-to-depth  ratio.  Since  the  equations  of  motion  are 
normalized  (and  therefore  the  plate  stiffnesses  are  normalized),  the 
number  of  piys  per  orientation  angle  is  immaterial.  Therefore,  for  the 
remainder  of  this  work  the  [0_„/90_„l  plate  will  designated  as  [0/90] 
and  the  plate  designated  as  [±45]^. 

Each  plate  was  comprised  of  graphite/epoxy  material  (AS/3501) 
which  has  the  following  unidirectional  properties 

=  21.0E+06  psi 

E^  =  1.40E+06  psi 

G  =  0.60E+06  psi 
12 

T 

K.  =  O.OoD  lb. /in. 
t  =  .005  in. 
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where  p  is  the  weight  density.  The  weight  density  must  be  converted  to 
a  mass  density  (as  shown  in  program  two)  in  order  for  consistent  units. 
Tables  3.1  and  3.2  contain  the  stiffness  terms  generated  by  the  first 
program  for  both  plates. 


Graphite/Epoxy  [0/90]^ 

Ciement 

Dinensionai  Value 

Nondimensional 

(one  inch  thick) 

540,000 

0.3857143 

0 

0 

^55 

540,000 

0.3857143 

41,250 

0.0294643 

0 

0 

48,750 

0.0348214 

6047 

0.0043192 

0 

0 

^55 

7453 

0.0053237 

1,555, 164 

1.110832 

^2 

35,211 

0.0251509 

^6 

0 

0 

“22 

322,770 

0.23055 

^>26 

0 

G 

^66 

50,000 

0.0357143 

256,382 

0.18313 

^2 

5282 

0.0037726 

^6 

0 

0 

^22 

25,308 

0.018077 

^26 

0 

0 

^66 

0 

0 

«t1 

46,814 

0.033439 

«12 

943 

0.000673 

^6 

0 

0 
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.J487 


0.002491 


0.000957 


Lnits  for  dimensional  A  ,  D  ,  F  ,  and  H  stiffnesses  are  lb. /in. 

I  j  I  j  I J  1  j 

in. -lbs.,  in.^-lbs.,  and  in.*’-lbs.  respectively. 


Table  3.1  Stiffness  Elements  for  Plate  Number  1 
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Graphite/Epoxy  [±45] 

S 

Element 

Dimensional  Value 

Nondimensional  ' 

(one  inch  thick) 

540,000 

0.3857143 

0 

0 

‘^S5 

540,000 

0.3857143 

45,000 

0.0321429 

-3750 

-0.0026786 

^56 

45,000 

0.0321429 

6750 

0.0048214 

-703 

-0.0005022 

^55 

6750 

0.0048214 

537,089 

0.3836353 

^2 

437,089 

0.3122066 

Dte 

308,098 

0.2200704 

^22 

537,089 

0.3836353 

^26 

308,098 

0.2200704 

^66 

451,878 

0.32277 

80,563 

0.0575453 

^2 

65,563 

0.046831 

^6 

57,768 

0.0412632 

^22 

80,563 

0.0575453 

^6 

57,768 

0.0412632 

^66 

67,781 

0.0484155 

»tt 

14,386 

0.0102759 

»t2 

11,707 

0.00836267 

«t6 

10,831 

0.00773685 
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14,386 


0.0102759 


10,831  0. 00773685 

12,104  0.00864563 

Units  for  dimensional  A  ,  D  ,  F  ,  and  H  stiffnesses  are  lb. /in., 

I  j  1  j  I J  I  j 

in. -lbs.,  in.^-lbs.,  and  in.^-lbs.  respectively. 

Table  3.2  Stiffness  Elements  for  Plate  Number  2 


26 


66 


I 
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Ga jerk  in  Method  Convergence  Characteristics  Because  the  Gaierkin 
technique  is  an  approximate  solution  method,  results  generated  must  be 
investigated  to  see  if  they  converge  to  unique  values.  This  convergence 
as  M  and  N  are  increased  is  a  necessary  but  not  sufficient  condition  of 
the  method.  Proving  sufficient  conditions  for  convergence  is  very 
difficult  and  is  beyond  the  scope  of  this  work.  Reference  [19]  contains 
complete  discussion  on  the  proof  of  convergence.  For  this  work,  we  will 
stipulate  that  natural  frequency  and  buckling  load  decrease  with 
increasing  M  and  N. 

Table  3.3  shows  nondimenslonal  natural  frequencies  and 
corresponding  values  of  M  and  N  for  the  three  boundary  conditions  on  the 
[0/90]  plate.  The  simply  supported  condition  implies  simple  supports 

S 

on  all  four  sides  while  the  clamped  implies  clamped  edges  for  all  four 
sides.  The  clamped-simple  boundary  condition  assumes  clamped  edges  on 
two  opposite  sides  (  x  =  0  and  x  =  a  )  and  simple  supports  on  the  two 
remaining  sides  (  y  =  0  and  y  =  b  ). 

Results  include  the  first  order  shear  deformation  theory  (using  a 
shear  correction  coefficient  of  k=5/6)  and  the  higher  order  shear 
deformation  theory.  A  span-to-depth  ratio  of  S=10  was  used  for  the 
first  order  theory  while  S=20  was  used  for  the  higher  order  theory  and 
an  aspect  ratio  of  a/b=l  (square  plate)  was  chosen  for  these  studies. 
The  plate  thickness  was  one  inch.  Rotatory  inertia  was  included  in  the 
first  order  theory  natural  frequency  calculations.  Figures  3.1  and  3.2 
graphically  show  the  results  of  Table  3.3.  The  letter  C  denotes  the 
clamped  boundary  condition,  the  letters  C-S  denote  the  clamped-simply 
suppoted  boundary  conditiour  and  the  letter  S  denotes  the  simply 
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supported  boundary  condition.  Nondimensional  buckling  loads  for  the 
[0/90]  plate  are  given  on  Table  3.4  and  Figures  3.3  and  3.4. 

S 

Corresponding  results  for  the  [±45]  plate  are  shown  on  Tables  3.5 

$ 

and  3.6  and  Figures  3.5,  3.6,  3.7,  and  3.8. 
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31/"^ 

Nondiaensionai  Natural  Frequencv  o  =u  a'lp/E  h  )  '  “ 

n  n  2 


First  Order  Theory  (s=10) 


Simple 

B.C. 

Clamped 

B.C. 

C lamped-S imple 

M  N 

(j 

n 

M 

N 

(1) 

n 

M 

N 

OJ 

n 

2  2 

10.64 

2 

2 

19.03 

2 

2 

15.69 

4  4 

10.64 

4 

4 

17.40 

4 

4 

15.25 

6  6 

10.64 

6 

6 

17.21 

6 

6 

15.20 

8  8 

10.64 

8 

8 

17.16 

8 

8 

15.18 

10  10 

10.64 

10 

10 

17.14 

10 

10 

15.18 

High  Order  Theory  (8=20) 


Siaple  B.C.  Claaped  B«C.  Ciaaped-Siapie 


M 

N 

(1) 

n 

N 

N 

u 

n 

M 

N 

u 

n 

2 

2 

11.75 

2 

2 

26.66 

2 

2 

20.96 

4 

4 

11.75 

4 

4 

21.95 

4 

4 

19.52 

6 

6 

11.75 

6 

6 

21.58 

6 

6 

19.44 

8 

8 

11.75 

8 

8 

21.52 

8 

8 

19.46 

10 

10 

11.75 

10 

10 

21.52 

10 

10 

19.50 

Table  3.3  Nondiaensionai  Natural  Frequency  Convergence 
Characteristics  for  the  [0/90]^  Plate 
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a/d)  »w 


2  4  6  8  10 

Value  of  M  and  N 

Figure  3.1  Nondia«nsloaat  Natural  Freauency  Convergence 
Characteristics  for  the  [0/90]^  Plate 
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Fii^ure 


\ - \ - 1 - 1 

2  4  6  8  10 

Value  of  M  and  N 


.2  Nondiaensioaal  Natural  Frequency  Convergence 
Characteristica  for  the  (0/901^  Plate 
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Nondiinensionai  Buckling  Load  .V  =N  a^/E  h' 

X  X  2 


First  Order  Theory  (s=10) 


Simple 

B.C. 

Clamped 

B.C. 

C lamped- 

Simple 

M 

N 

N 

M 

M 

N 

M 

N' 

S' 

X 

X 

X 

2 

2 

11.61 

2 

2 

32.89 

2 

2 

25.16 

4 

4 

11.61 

4 

4 

24.60 

4 

4 

21.06 

6 

6 

11.61 

6 

6 

24.35 

6 

6 

20.92 

8 

8 

11.61 

8 

8 

24.28 

8 

8 

20.89 

10 

10 

11.61 

10 

10 

24.25 

10 

10 

20.88 

Hi?h  Order  Theory  (3*20) 


Simple  B.C.  Clamped  B.C.  Ciamped-Simpie 


M 

N 

N 

X 

N 

N 

N 

X 

M 

N 

S 

X 

2 

2 

14.03 

2 

2 

72.21 

2 

2 

44.65 

4 

4 

14.03 

4 

4 

42.93 

4 

4 

34.89 

6 

6 

14.03 

6 

6 

41.71 

6 

6 

34.62 

8 

8 

14.03 

8 

8 

41.46 

8 

8 

34.66 

10 

10 

14.03 

10 

10 

41.40 

10 

10 

34.73 

Table  3.4  Nondimensional  Buckling  Load  Convergence 
Characteristics  for  the  [0/90]^  Plate 
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M  a/ 


FiS!ure  3.3  Nondi«ensional  Buckling  Load  Convergence 
Characteristica  for  the  {0/901^  Plate 
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2 


4  6 

Value  of  M  and  N 


8 


10 


Figure 


3.4  NondiBenaional  Buckling  Load  Convergence 
Characteristics  for  the  (0/90)^  Plate 
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>  3  1/2 

N'ondimensionai  Natural  Frequencv  p/E,h  ) 


First  Order  Theorv  (s=10) 


Simple 

B.C. 

Clamped 

B.C. 

C lamped- 

Simple 

M  N 

It) 

M 

N 

w 

M 

N 

CO 

n 

n 

n 

2  2 

13.09 

2 

2 

18.53 

2 

2 

15.97 

4  4 

12.88 

4 

4 

16.70 

4 

4 

15.02 

6  6 

12.78 

6 

6 

16.45 

6 

6 

14.85 

8  8 

12.72 

8 

8 

16.37 

8 

8 

14.80 

10  10 

12.68 

10 

10 

16.34 

10 

10 

14.77 

High  Order  Theory  (3*20) 


Simple 

B.C. 

Clamped 

B.C. 

Clamped-Simple 

M  N 

u 

M 

N 

u 

M 

N 

(j 

n 

n 

n 

2  2 

14.56 

2 

2 

26.33 

2 

2 

21.22 

4  4 

14.28 

4 

4 

20.99 

4 

4 

18.01 

6  6 

14.17 

6 

6 

20.36 

6 

6 

17.58 

8  8 

14.11 

8 

8 

20.20 

8 

8 

17.46 

10  10 

14.06 

10 

10 

20.15 

10 

10 

17.41 

Table  3.5  Nondieensional  Natural  Frequency  Convergence 
Characteristics  for  the  [^45]^  Plate 
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Figure  :3 


^ - 1 - 1 - 1 - 1 

2  4  6  8  10 

Value  of  M  and  N 


5  Nondiaensional  Satural  Frequency  Convergence 
Characteristics  for  the  {*45)^  Plate 
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26 


rL,.re  3.6 

Characteristic*  for  the  1^45 J,  Plate 
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N'ondimensionai  Buckiini?  Load  .V  =S  a“/E 

<  X  2 


First  Order  Theory  (s=lO) 


Simple 

B.C. 

Clamped 

B.C. 

Clamped- 

Simple 

M  N 

N 

X 

M 

N 

.V 

X 

M 

N 

N' 

X 

2  2 

17.21 

2 

2 

32.39 

2 

2 

25,58 

4  4 

16.31 

4 

4 

18.70 

4 

4 

17.82 

6  6 

16.03 

6 

6 

18.30 

6 

6 

17.61 

8  8 

15.91 

8 

8 

18.22 

8 

8 

17.52 

10  10 

15.81 

10 

10 

18.20 

10 

10 

17.47 

High  Order  Theory  (3*20) 


Sinple  B.C.  Clasped  B.C.  Clasped-Siople 


M 

N 

N 

X 

M 

N 

N 

X 

M 

S 

X 

2 

2 

21.13 

2 

2 

69.93 

2 

2 

45.16 

4 

4 

19.86 

4 

4 

29.71 

4 

4 

24.40 

6 

6 

19.55 

6 

6 

28.83 

6 

6 

23.84 

8 

8 

19.31 

8 

8 

28.64 

8 

8 

23.65 

10 

10 

19.19 

10 

10 

28.58 

10 

10 

23.56 

Table  3.6  Nondioensional  Buckling  Load  Convergence 
Characteristics  for  the  [±45]^  Plate 
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Figure  3.7  NondiBenaional  Bucklin?  Load  Convergence 
Characteriatica  for  the  (t451^  Plate 


Figure 


T  I  I  r 

2  4  6  8 

Value  of  M  and  N 


1 

10 


3.8  Nondiaeosional  Buckling  Load  Convergence 
Characteristics  for  the  (±45)^  Plate 
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Some  !?eneral  observations  can  be  drawn  from  these  results.  The 
first  order  natural  frequencies  for  the  (0/90]  plate  converge  nicelv 

S 

and  are  well  behaved.  The  simplv  supported  values  converge  at  the 
beginning  with  M  and  N  equal  to  2.  This  is  due  to  the  fact  that  the 
natural  boundary  conditions  are  satisfied  in  addition  to  the  geometric 
boundary  conditions.  The  clamped  and  clamped-simple  boundary  cases  do 
not  initially  converge  like  the  simply  supported  case  but  do  show  good 
characteristics . 

The  higher  order  natural  frequencies  for  the  [0/90]  plate  also 

S 

behave  nicely.  The  simply  supported  boundary  case  initially  converges 
as  in  the  first  order  theory.  The  clamped  boundary  also  converges  well. 
A  difference  of  only  .2X  is  seen  between  values  for  M=N=6  and  M=.’'l=8. 
The  clamped-simple  case  converges,  but  then  appears  to  diverge.  This 
anomaly  was  determined  to  be  a  loss  of  significant  digits  in  the 
solution.  Using  the  performance  index  from  each  run  and  the  number  of 
single  precision  significant  digits  in  the  computer,  it  was  found  that 
the  answers  for  M  and  N  greater  than  6  had  only  four  significant  digits. 
A  change  in  the  computer  code  to  perform  double  precision  arithmetic 
would  have  probably  shown  better  convergence  characteristics  for  the 
clamped-simply  supported  boundary  condition.  A  difference  of  .1%  is 
evident  between  M=N=6  and  M=N=8.  Values  for  clamped  and  clamped-simple 
are  reasonably  converged  at  M=N=4. 

Nondiaensional  buckling  loads  for  the  [0/90]  plate  display 

S 

similar  characteristics  as  the  natural  frequencies.  The  first  order 
convergence  is  good.  The  higher  order  convergence  is  also  good  with  the 
exception  of  the  clamped-simple  boundary  at  M=N=6  and  M=N=8.  A  loss  of 
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significant  digits,  as  in  the  natural  frequency  calculations,  was  also 
noted  here.  More  terms  are  needed  for  the  buckling  solutions  than  in 
the  natural  frequency  solutions.  The  difference  between  M=S=2  and  M=N=8 
for  clamped  buckling  loads  is  42. 6X  but  is  only  19.3%  for  clamped 

natural  frequencies.  Differences  of  22.4%  and  7.2%  are  seen  for  the 
clamped-simple  boundary  condition  in  buckling  and  vibration 

respectively.  Solutions  for  clamped  and  clamped-simple  appear  to  be 

converged  at  M=M=6  as  opposed  to  M=N=4  for  natural  frequencies.  This 
tendency  in  buckling  is  probably  due  to  the  fact  that  the  plate  has  been 
assumed  to  be  inextensible  (i.e.,  no  u  or  v  displacements).  Values 

between  M=N=6  and  M=N=8  for  clamped  and  clamped-simple  are  .6%  and  .  1% 
respectively. 

Results  for  the  [±45]  plate  are  similar  to  the  [0/90]  plate  but 

S  S 

do  show  differences.  The  natural  frequencies  for  both  theories  with  the 
simply  supported  boundaries  do  not  converge  from  the  start  as  did  the 
[0/90]  plate,  but  do  converge  rapidly.  This  laminate  does  not  satisfy 
the  natural  boundary  conditions  for  simple  supports.  The  other  two 
boundaries  converge  nicely  from  above  for  both  theories.  None  of  the 
behavior  observed  using  the  higher  order  theory  on  the  clamped-simple 
boundaries  was  seen  for  the  [±45]  plate.  Convergence  was  a  little 

9 

slower  when  compared  with  the  [0/90]  plate.  Differences  of  23.3%  and 

9 

17.7%  were  observed  between  M=N=2  and  M=N=8  for  the  clamped  and 
clamped-simple  boundaries  respectively  (19.3%  and  7.2%  was  seen  for 
the  [0/90]  plate).  All  values  are  reasonably  converged  at  M=N=6  with 

S 

differences  between  M=N=6  and  M=N=8  of  .4%,  .8%,  and  .7%  seen  for  the 
simple,  clamped,  and  clamped-simple  boundary  conditions  respectively. 
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The  [±45]  plate  buckling  loads  results  appear  similar  to  the  natural 
frequency  results  in  terms  of  convergence  characteristics.  Convergence 
was  a^ain  slower  than  the  [0/90]^  plate  as  first  seen  for  the  natural 
frequencies.  Differences  between  M=N=2  and  M=N=8  was  8.6%  for  the 
simple  supports,  59.0%  for  the  clamped  supports,  and  47.6%  for  the 
clamped-simple  supports  (differences  of  0%,  42.6%.  and  22.4%  were 

calculated  for  the  [0/90]  plate).  Convergence  at  M=N'=6  is  not  quite  as 
good  as  the  other  configurations  with  a  1.2%  difference  for  simple,  ,6% 
difference  for  clamped,  and  .8%  difference  for  clamped-simple  between 
M=N=6  and  M=N=8. 
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Order  Sh^r  Deformation  y^fe^rts  This  area  of  study  is 
obviously  the  main  thrust  of  this  work.  Shear  deformation  effects  were 
Ltu  >-st  i2:ated  for  both  the  first  order  shear  deformation  theory  and 
Reddy’s  higher  order  shear  deformation  theory  for  the  three  previously 
mentioned  boundary  conditions.  Natural  frequencies  and  buckling  loads 
were  found  for  various  span-to-depth  ratios  using  one  inch  thick  square 
plates.  Natural  frequency  results  for  the  first  order  theory  include 
rotatorv  inertia.  Classical  laminated  plate  values  were  also  calculated 
when  applicable.  All  values  were  calculated  with  M  and  N  equal  to  8. 
This  number  of  terms  gave  converged  values  (less  than  a  IX  change)  as 
shown  previously  in  the  discussion  of  convergence  characteristics. 

Natural  frequency  results  for  the  [0/90]  plate  are  shown  on  Tables 

S 

3.7  and  3.8.  The  span-to-depth  ratio  was  varied  from  2  to  100.  Both 
the  first  order  theory  (FOT)  and  the  higher  order  theory  (HOT) 
normalized  natural  frequency  values  are  plotted  together  for  all  three 
boundary  conditions  and  are  shown  in  Figures  3.9  ,3.10  ,  and  3.11.  A 
classical  laminated  plate  theory  (CLPT)  solution  was  found  for  the 
simply  supported  boundary  condition  and  is  given  on  the  aforementioned 
Tables  and  Figures. 

Nondimensional  buckling  loads  for  the  [0/90]^  plate  are  given  in 
Tables  3.9  and  3.10.  Corresponding  values  for  each  theorv  are  plotted 
together  in  Figures  3.12,  3.13,  and  3.14. 
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Nondimensionai  Natural  Frequency 


:>  1 
L)  =<J  a  (p/E,h  ) 

n  n  2 


I  12 


First  Order  Theory 


s 

Simple  B.C. 

Clamped  B.C. 

Clamped-Simple  B.C. 

2 

4.4488 

4.8870 

4.5287 

5 

8.2404 

10.8432 

9.4120 

10 

10.6439 

17. 1602 

15. 1811 

15 

11.4297 

20. 7147 

18.6607 

20 

11. 7535 

22.7727 

20.6988 

30 

12.0107 

24.8839 

22. 7505 

50 

12. 1550 

26.5543 

24.3352 

100 

12.2054 

28.1431 

25.6213 

Simple  B.C.  classical  =  12.2242 

Table  3.7  Nondimensionai  Natural  Frequencies  vs  Span-to-Depth 

Ratio  for  the  [0/90]  Plate  (M=N=8) 

$ 
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o  T  1  /  2 

Vondimensional  Natural  Freauencv  w  a  (p/E  h  ) 

n  n  2 


Higher  Order  Theory 


s 

Simple  B.C. 

Clamped  B.C. 

Clamped-Simple  B.C 

2 

4.4337 

4.5168 

4.3408 

5 

8. 1857 

9.8543 

8.6893 

10 

10.6116 

15.8196 

13.9394 

15 

11.4116 

19.3642 

17.3466 

20 

11.7475 

21.5259 

19.4641 

30 

12.0016 

23.8217 

21.7156 

50 

12.1550 

25.7222 

23.5282 

100 

12.2054 

27.4370 

25.1169 

Simple  B.C.  classical  =  12.2242 


Table  3.8  Nondimensional  Natural  Frequencies  vs  Span-to-Depth 

Ratio  for  the  [0/90]  Plate  (M=N=8) 

8 


o 

0 


n  I  I  I  I 

10  20  30  40  50 


S 


Figure  3.10  Send i Bens ionai  Natural  Frequencies  vs  Span-to-Depth 
Ratio  for  the  (0/90J^  Plate  {MsN=8) 

Claaped  Boundary  Condition 
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Figure  3.11  Nondiaensioul  Natural  Frequencies  vs  Span-to-Depth 
Ratio  for  the  [0/90)^  Plate  (N=N=8) 

Claaped-Siaply  Supported  Boundary  Condition 


•7  3 

Nondimensional  Buckling  Load  N  =N'  a“/E  h' 

'<  X  1 


First  Order  Theory- 


s 

Simple  B.C. 

Clamped  B.C. 

Clamped-S imple  B.C 

2 

1.3026 

1.3038 

1.3035 

5 

7.0394 

8.0537 

7 . 7585 

10 

11.6076 

24.2766 

20.8913 

15 

13.3157 

35.7075 

30.1751 

20 

14.0531 

42.4440 

35.9340 

30 

14.6359 

49.2750 

41.8288 

50 

14.9571 

54.3571 

46.1054 

100 

15.1000 

58.5286 

49.2357 

Simple 

B.C.  N  classical  = 

15.1451 

Table  3.9  Nondimensional  Buckling  Loads  vs  Span-to-Depth 

Ratio  for  the  [0/90)  Plate  (M=N’=8) 

8 
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Nondimensionai  Butfkline  Load  N  =.V  a  /E  h' 

y  X  2 


Higher  Order  Theory 


s 

2 

5 

lU 

15 

20 

30 

50 

00 


Simple  B.C. 

Clamped  B.C. 

Ciamped-SirapL 

1.8286 

1.8852 

1.8680 

6.9453 

8 . 0567 

7.6320 

11.5361 

22.7502 

19.7886 

13.2726 

35 . 0645 

28.2947 

14.0260 

41.4557 

34.6640 

14.6244 

48.1185 

40.5919 

14.9536 

53.2143 

44.9875 

15.1000 

57.3286 

48.2714 

Simple  B.C.  N  classical  =  15.1451 


Table  3.10  Nondimensionai  Bucklin?  Loads  vs  Span-to-Depth 

Ratio  for  the  (0/90]  Plate  {M=N=8) 

8 


50 


18 

17 


S 


Figure  3.12  Nondi»ensional  Buckling  Loads  vs  Span-to-Depth 
Ratio  for  the  10/90)^  Plate  (M=N=8) 

Siapiy  Supported  Boundary  Condition 
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M  a/ 


70 


Figure  3.13  Sondiaensional  Buckling  Loads  va  9pan-to-Depth 
Ratio  for  the  (0/901^  Plate  (MaN*8) 

Clasped  Boundary  Condition 
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Natural  frequency  results  for  the  [±45  plate  are  found  in  Tables 
3.11  and  3.12.  No  classical  laminated  plate  theory  solutions  were 
availible  for  this  Laminate.  These  values  are  plotted  on  Figures  3.15, 
3 . 16 ,  and  3 . 17. 

Buckling  loads  can  be  found  in  Tables  3.13  and  3.14  while  the  plots 
are  shown  in  Figures  3.18,  3.19,  and  3.20  for  the  [±45i^  plate. 
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Z  3  1/2 

Nonditnens ionai  Natural  Frequency  w  =(j  a  (p/E^h  ) 

n  n  2 


First  Order  Theory 


s 

Simple  B.C. 

Clamped  B.C. 

Ciamped-Simple  B.C 

2 

4. 7591 

4.5670 

4.7688 

5 

9.5424 

10.6038 

10.0405 

10 

12.7199 

16.3724 

14.7968 

15 

13. 7719 

19.4028 

16.9925 

20 

14.2107 

21.1183 

18.1366 

30 

14.5618 

22.8957 

19.2553 

50 

14.7524 

24.4360 

20. 1742 

100 

14.8281 

26.1256 

21.1829 

Table  3.11  Nondimensional  Natural  Frequencies  vs  Span-to-Depth 
Ratio  for  the  (±45]  Plate  (M=Ns8) 

3 
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Z  \ 

N'ondiinensionai  Natural  Frequencv  =o>  a  (p/E^h  ) 

n  n  1 


Higher  Order  Theory 


3 

Simple  B.C. 

Clamped  B.C. 

Clamped-S Lmple  B.C 

V 

4.9270 

4.6717 

4.7867 

5 

9.5147 

9.9661 

9.6317 

10 

12.6321 

15.5402 

14.0302 

15 

13.6698 

18.5109 

16.3026 

20 

14.1058 

20.2025 

17.4588 

30 

14.4437 

21.9879 

18.6198 

50 

14.6263 

23.5282 

19.5942 

100 

14.7272 

25.2178 

20.5777 

Table  3.12  Nondinensional  Natural  Frequencies  vs  Span-to-Depth 

Ratio  for  the  t*45]  Plate  (M=N=8) 

$ 
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Figure  3.15  Nondiaensional  Natural  Frequencies  vs  3pan-to-Depth 
Ratio  for  the  (±451^  Plate  (M=N=8) 

Siaply  Supported  Boundary  Condition 
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oa  (p/E,h  ) 
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0 


Figure  3 


I  I  I  I  I 

10  20  30  40  50 

S 

.17  Nondi Bens tonal  Natural  Frequencies  vs  Span-to-Depth 
Ratio  for  the  {±451^  Plate  {M=N=8) 

Cleuiped-Siaply  Supported  Boundary  Condition 


59 


-  3 

Nondimensional  Buckling  Load  N'  =N'  a  /E,h 


First  Order  Theory- 


s 

Simple  B.C. 

Clamped  B.C. 

Clamped-Simple  B.C 

2 

1.2987 

1.2985 

1.3012 

5 

7.2481 

7.1291 

7.4365 

10 

15.9054 

18.2249 

17.5164 

15 

18.8298 

22.0244 

22.4229 

20 

19.6969 

30.7034 

24.8960 

30 

20.6184 

35 . 5339 

27. 1704 

50 

21.1339 

39.4786 

28.7875 

100 

21.3000 

43.3714 

30.1500 

Table  3.13  Mondimensionai  Buckling  Loads  vs  Span-to-Depth 
Ratio  for  the  [±45)  Plate  (M=N’=8) 

3 


2  3 

Nondimensionai  Buckling  Load  N  =N’  a  /E_h 

X  X  Z 


Higher  Order  Theory- 


s 

Simple  B.C. 

Clamped  B.C. 

Clamped-Simple  B.C 

2 

1.1793 

1.5974 

1.6866 

5 

7 . 0885 

6.8358 

7.1979 

10 

14.6149 

17.1352 

16. 5975 

15 

18.1418 

24.3731 

21.2538 

20 

19.3114 

28.6386 

23.6520 

30 

20.2320 

33. 1206 

25.8840 

50 

20.7464 

36.8036 

27.4768 

100 

20.9714 

40.4286 

28.8000 

Table  3.14  NondiBensionai  Buckling  Loads  vs  Span-to-Depth 
Ratio  for  the  [±45]^  Plate  (M=N=8) 
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Figure  3.18  Mondiaensionat  Buckling  Loads  vs  Span-to-Depth 
Ratio  for  the  {*451^  Plate  (M=N=8) 

Siaply  Supported  Boundary  Condition 
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Figure  3.19  NondiBensional  Buckling  Loads  vs  Span-to-Depth 
Ratio  for  the  {±45 Plate  (M=N=8) 

Clasped  Boundary  Condition 
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Some  general  observations  may  be  made  on  the  above  data.  For  the 
natural  frequencies  of  the  10/901  plate  with  simply  supported 

S 

boundaries,  there  is  very  little  difference  between  the  first  order 

theory  and  *"he  high  order  theory  (less  than  1%).  The  first  order 

results  are  seen  to  agree  quite  well  with  [20].  However,  both  theories 
differ  greatly  from  classical  laminated  plate  theory  as  the  plate 

becomes  thicker.  Differences  of  64  percent  at  s=2,  33  percent  at  s=5, 
13  percent  at  s=10,  and  6  percent  at  s=15  are  observed.  The  shear 

deformation  theory  values  quickly  approach  the  classical  value  as  the 
plate  becomes  thinner.  There  is  less  than  a  1  percent  difference  for 
both  theories  at  s=100. 

The  clamped  boundaries  of  the  [0/90]  plate  in  vibration  reveal 

3 

differences  between  the  two  deformation  theories.  The  high  order  theory 
is  consistently  lower  in  value  than  the  first  order  theory  indicating  a 
higher  compliance.  Differences  of  7  to  9  percent  occur  for  s  less  than 
20,  and  3  to  5  percent  for  s  greater  than  20.  Similar  variations  are 
noticed  for  the  clamped-s imply  supported  boundaries.  An  anomaly  occurs 
in  the  higher  order  values  at  s=2  wherein  the  simply  supported  natural 
frequency  is  higher  than  the  clamped-simple  natural  frequency.  This  is 
obviously  incorrect  because  the  clamped-simple  boundary  has  a  greater 
constraint  on  the  motion  of  the  plate  and  should  raise  the  natural 
frequency  over  the  simply  supported  value.  This  occurance  is  probably 
an  example  of  the  assumption  of  plane  stress  being  invalid  and  the  twc 
dimensional  theory  breaking  down.  The  clamped  and  clamped-simple 
boundaries  affect  the  natural  frequencies  to  a  large  extent.  At  s=100, 
the  clamped  values  differ  from  the  simple  values  by  56%  while  the 
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clamped-simpie  values  differ  by  51%. 


Nondimensional  buckling  loads  for  the  [0/90]^  plate  using  the 
higher  order  theory  are  seen  to  be  very  close  to  the  first  order  loads 
with  simple  supports  for  s  greater  than  2.  At  s=2,  the  higher  order 
values  are  greater  by  29%.  Differences  from  the  classical  plate 
value  are  88%  at  s=2,  54%  at  s=5,  24%  at  s=10,  12%  at  s=15,  and 

approaches  very  close  at  s=100.  Higher  order  results  run  about  2%  lower 
than  first  order  results  with  clamped  boundaries  and  about  3%  lower  with 
ciamped-simple  boundaries.  Large  differences  are  evident  at  s=2  with 
the  higher  order  results  being  greater  by  31%  and  30%  for  the  clamped 
and  ciamped-simple  cases  respectively.  Clamped  and  clamped-simpie 
frequencies  exceed  those  of  the  simple  boundary  by  74%  and  69%  at  s=100. 

Moving  on  to  the  [±45]  plate,  we  see  that  again,  the  first  order 

S 

results  compare  well  with  the  higher  order  results  for  simply  supported 
natural  frequencies.  No  classical  laminated  plate  natural  frequency  is 
avaiiible  for  this  laminate.  The  first  order  theory  results  also  agree 
well  with  [20].  Differences  of  around  4%  between  the  two  theories  can 
be  seen  for  the  clamped  and  clamped-simpie  boundaries  with  the  higher 
order  theory  being  lower  in  value  except  at  s=2.  Frequencies  for  both 
theories  are  questionable  at  s=2  because  the  increased  restraint  does 
not  always  give  higher  values.  A  difference  of  42%  for  the  clamped 
boundary  and  a  difference  of  28%  for  the  clamped-simpie  boundary  is 
noted  from  the  simply  supported  values  at  s=100.  These  percentages  are 
lower  than  what  was  seen  for  the  [0/90]  natural  frequencies. 

S 

Higher  order  buckling  loads  for  the  [±45]^  plate  can  be  seen  to 
deviate  by  only  3%  lower  than  the  first  order  loads  with  a  simply 
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supported  boundary.  As  for  the  natural  frequencies,  no  classical 
laminated  plate  buckling  load  is  availible.  At  s=2  the  higher  order 
value  is  lower  by  9%.  The  clamped  boundary  Loads  using  the  higher  order 
theory  are  lower  on  average  by  6X  from  the  first  order  results.  The 
higher  order  loads  are  greater  by  19%  at  s=2.  Higher  order  theory  loads 
are  lower  than  the  first  order  loads  by  5%  at  s=5  or  greater  and  higher 
by  23%  at  s=2.  Values  for  both  theories  are  dubious  at  s=2  and  s=5 
because  of  the  contradiction  with  constraint.  Loads  with  clamped  and 
clamped-simple  boundaries  differ  from  the  simple  loads  by  48%  and  27% 
respectively.  These  values  are  again  lower  than  the  [0/90)  values  as 
also  noticed  for  natural  frequencies. 
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IV. Conclusions 


To  conclude  this  work,  we  will  summarize  the  discussion  of  the 
con\er^ence  characteristics  of  the  Galerkin  method.  The  discussions  of 
the  higher  order  shear  deformation  effects  will  then  be  organized  into 
comments  on  natural  frequencies  and  comments  on  buckling  loads. 
Separate  comments  regarding  each  plate  will  be  discussed  last. 

The  Galerkin  technique  was  found  to  be  a  viable  method  for 
solution  of  the  equations  of  motion  for  plates  which  include  shear 
deformation.  Excellent  convergence  was  obtained  for  the  first  order 
theory.  Convergence  was  good  for  the  higher  order  theory,  but  could  be 
improved  by  using  double  precision  computer  code.  All  cases  had 
converged  results  for  M=N=8.  All  but  one  case  converged  at  M=N=6. 
Natural  frequency  calulations  converged  quicker  than  the  buckling 
calculations.  The  [0/90]  plate  natural  frequencies  and  buckling  loads 

converged  quicker  than  the  [±45]  plate  frequencies  and  loads. 

8 

Natural  frequency  solutions  were  found  for  both  plates  using  both 
the  higher  order  and  first  order  shear  deformation  theories.  The  higher 
order  natural  frequencies  are  lower  than  the  first  order  solutions  by  a 
maximum  of  6  percent.  Both  theories  predict  similar  natural  frequencies 
for  a  simply  supported  plate.  The  higher  order  theory  is  within  10 
percent  of  the  classical  laminated  plate  natural  frequency  for 
span-to-depth  ratios  greater  than  15.  A  difference  of  64  percent  can 
occur  at  s=2. 

Both  theories  were  able  to  calculate  buckling  loads  for  the 
fO/90]  and  [±45]  plates.  Buckling  loads  using  the  higher  order  theory 

8  S 
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are  lower  than  the  first  order  theory  loads  by  a  maximum  of  6  percent 


for  s  greater  than  2.  At  s=2,  the  higher  order  buckling  loads  are 

greater  than  the  first  order  loads  by  30  percent  for  the  [0/90J  plate 

S 

and  by  15  percent  for  the  [±45]  plate.  The  classical  laminated 

3 

plate  buckling  load  is  within  10  percent  of  the  higher  order  theory  for 
s  greater  than  20.  At  s=2,  a  difference  of  88  percent  was  seen. 

Finally,  the  higher  order  theory  shows  that  the  [0/90]  plate  is 

3 

more  boundary  sensitive  than  the  [±45]  plate.  Greater  differences 

S 

between  simply  supported  results  and  clamped  and  clamped-simple  results 

were  found  for  the  [0/90]  plate.  Also,  the  clamped  and  clamped-simple 

8 

values  are  closer  with  the  [0/90]  plate  than  with  the  [±45]  plate. 

3  3 

Lastly,  the  (±45)  plate  displays  a  narrower  band  of  values  for  all 

3 

three  boundary  conditions  than  does  the  [0/90]  plate. 

3 
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Appendix  A 
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1  REM  COMPOSITE  PLATE  STIFFNESS  PROGRAM 

5  A44=0  :  A45=0  :  A55=0  :  D44=0  :  D45=0  :  D55=0  :  F44=0  :  F45=0  :  F55=0 
:  P=0 

10  D11=0  :  D12=0  :  D22=0  :  D16=0  :  D26=0  :  D66=0 

15  F11=0  :  F12=0  :  F22=0  :  F16=0  :  F26=0  :  F66=0 

20  H11=0  :  H12=0  :  H22=0  :  H16=0  :  H26=0  :  H66=0 

50  INPUT" ADD  ANOTHER  LAYER"  ;.N$ 

60  IF  N$="N"  THEN  1010 
100  REM 

1 10  REM  INPUT  LAMINATE  DATA 
120  INPUT"ORIENTATION  ANGLE"; AN 
130  TH=AN*3. 1415927#/180 
140  REM 

150  INPUT"ZK-1  DIMENSION" ;ZK1 
160  INPUT"ZK  DIMENSION" ;ZK 
170  REM 

180  INPUT"SAME  MATERIAL" ;M$ 

190  IF  M$="Y"  THEN  370 
200  INPUT"E11";E11 
210  INPLT"E22";E22 
220  INPUT"V12"; V12 
230  V21=V12»(E22/E11) 

240  INPUT"G12";G12 
250  G13SG12 
260  G23=.8*G12 

270  INPUT"DENSITY  OF  PLY";RHO 
280  REM 

290  REM  COMPUTE  Q’S 
300  Qll=Ell/( 1-V12*V21) 

310  Q12s(V12*E22)/(l-V12<'V21) 

320  Q22=E22/(1-V12*V21) 

330  Q44=G23 
340  Q55=G13 
350  Q66=G12 
360  REM 

370  REM  COMPUTE  Q  BAR’S 

380  QBll=Qll*COS(TH)"4+2*(Q12+2»Q66)*SIN{TH)'2*COS(TH)"2+Q22*SIN(TH)^4 
390  QB12=(Qll+Q22-4»Q66)»SIN{TH)''2*COS(TH)"2+Q12*(SIN(THr4+COS(TH)'4) 
400  QB22=  Q11*SIN(TH)'4+2*(Q12+2*Q66)*SIN{TH)'2*C0S(TH)"2+Q22*C0S(TH)"4 
410  QB16=(QU-Q12-2»(a66)*SIN(TH)*COS(TH)''3+(Q12-Q22+2*Q66)*SlN(TH)'3» 
COS(TH) 

420  QB26=(Q11-Q12-2*Q66)*SIN(TH)'‘3*C0S(TH)+(Q12-Q22+2*Q66)»SIN(TH)* 
COS(TH)"3 

430  QB66=(Q11+Q22-2*Q12-2*Q66)*SIN(TH)"2*C0S(TH)''2+Q66*(SIN(TH)''4+ 
C0S(TH)"4) 

440  QB44=Q44*C0S(TH)''2+Q55*SIN(TH)"2 
450  QB45=(Q44-Q55)*C0S(TH)*SIN(TH) 

460  QB55=Q55»C0S(TH)'2+Q44*SIN(TH)^2 
470  REM 

480  REM  COMPUTE  A  STIFFNESSES 

490  Z  :k-zki 

560  A44sA44+QB44*Z1 

570  A45=A45+QB45*Z1 

580  A55=A55+QB55*Z1 

585  REM 
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o90  P=P+RH0*Z1 
600  REM 

610  REM  COMPl.TE  D  STIFFNESSES 
6V0  Z:J=(  l/3)*(ZK'3-ZKr3) 

600  Dll=Dll+QBll*ZJ 
040  D1Z  =  D12+QB1Z^Z;J 
650  D22=D22+OB22*Z3 
660  D16=D16+QB16*Z3 
670  D26  =  D26+(iB26*Z3 
680  D66=D66+OB66*Z3 
690  D44=D44+OB44*Z3 
700  D45=D45+QB45*Z3 
710  D55  =  D55+QB55<'Z3 
720  REM 

730  REM  COMPOTE  F  STIFFNESSES 
740  Z5=( 1/5)*(ZK'5-ZK1'5) 

750  F11=F11+QB11*Z5 
760  F12=F12+QB12«Z5 
770  F22  =  F22+QB22=»Z5 
780  F16=F16+QB16*Z5 
790  F26=F26+QB26*Z5 
800  F66=F66+QB66*Z5 
810  F44=F44+QB44*Z5 
820  F45=F45+qB45*Z5 
830  F55=F53+QB55*Z5 
840  REM 

850  REM  COMPUTE  H  STIFFNESSES 
860  Z7=(l/7)«(ZK"7-ZKr7) 

870  H11=H11+QB11*Z7 
880  H12=H12+0B12*Z7 
890  H22=H22+QB22»Z7 
900  H16=H16+QB16*Z7 
910  H26=H26+0B26*Z7 
920  H66=H66+QB66*Z7 
930  H44=H44+QB44*Z7 
940  H45=H45+QB45*Z7 
950  H55=H55+QB55*Z7 
960  REM 
970  GOTO  50 
1000  REM 

1010  REM  PRINT  OUT  STIFFNESSES 

1020  LPRINT  ”A44,A45,A55",A44,A45,A55 

1030  LPRINT  "D44,D45,D55",D44,D45.D55 

1040  LPRINT  "F44,F45,F55",F44,F45,F55 

1070  REM 
1075  LPRINT  "  " 

1080  LPRINT  "Dll, 012,016", Dll, D12,D16 

1090  LPRINT  "  022,026","  ",022,026 

1100  LPRINT  "  066","  ".066 

1110  REM 

1115  LPRI NT  "  " 

1120  LPRINT  "F11,F12,F16",F11,F12,F16 

1130  LPRINT  "  F22,F26","  ",F22,F26 

114J  LPRINT  "  F66","  '’.F66 

1150  REM 
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",H22.H26 


1155  LPRIN'T  '■  " 

1160  LPRINT  ”H11,H12.H16'',H11,H12,H16 
1170  LPRINT  '■  H22,H26'','' 

1180  LPRINT  "  H66'',"  ''.H66 

1190  REM 

1200  REM  COMPUTE  NORMALIZED  STIFFNESSES 
1210  INPLT"PLATE  THICKNESS" ; H 
1215  REM 

1220  AN=1/(E22*H) 

1290  A44  =  A4-I*AN 
1300  A45=A45*AN 
1310  A55=A55*AN 
1315  REM 

1320  DN=1/(E22*H^3) 

1330  D11=D11*DN 
1340  D12=D12*DN 
1350  D22=D22»DN 
1360  D16=D16*DN 
1370  D26=D26*DN 
1380  D66=D66<=DN 
1390  D44=D44*DN 
1400  D45=D45*DN 
1410  D55=D55*DN 
1420  REM 

1430  NF=1/(E22*H"5) 

1440  F11=F11*NF 
1450  F12=F12*NF 
1460  F22=F22*NF 
1470  F16=F16*NF 
1480  F26=F26»NF 
1490  F66=F66*NF 
1500  F44=F44*NF 
1510  F45=F45*NF 
1520  F55=F55*NF 
1530  REM 

1540  HN=1/{E22*H''7) 

1550  H11=H11*HN 
1560  H12=H12*HN 
1570  H22=H22*HN 
1580  H16=H16*HN 
1590  H26=H26*HN 
1600  H66=H66*HN 
1610  H44=H44*HN 
1620  H45=H45*HN 
1630  H55=H55*HN 
1640  REM 

1650  PRINT  NORMALIZED  STIFFNESSES 
1655  LPRINT  "  " 

1660  LPRINT  "a44,a45,a55",A44,A45,A55 
1670  LPRINT  "d44,d45,d55",D44,D45,D55 
1680  LPRINT  "f44,f45,f55",F44,F45,F55 
1690  REM 
1695  LPRINT  "  " 

1700  LPRINT  "dll .dl2.dl6".Dll.D12,D16 

1710  LPRINT  "  d22,d26","  ",D22.D26 
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1720 

L PR I  NT 

d66"." 

' .  066 

1730 

REM 

1735 

L PR  I  NT 

1740 

L PR  I  NT 

"fH,  fl2,  tT6’\Fll.T12.F16 

1750 

L PR  I  NT 

f22.f26"." 

" . F22 , F26 

1760 

LPRINT 

f66"." 

' ,  F66 

1770 

REM 

1775 

LPRINT 

M  M 

1780 

LPRINT 

"hll,hl2,hl6'',Hll.Hl2,H16 

1790 

LPRINT 

622,626",'’ 

".H22.H26 

1800 

LPRINT 

666"." 

"  .H66 

1805 

LPRINT 

•1  >1 

1850 

LPRINT 

"P",P 

2000 

END 

U  O  U  U  U  tj  >o 


PROGR.AM  GALERKl 

C  SIMPLV  SUPPORTED  BOUNDARIES 

C 

DIMENSION  STOOD,  3001 

REAL  K ,  K 1 ,  K2  ,  MA (  300 , 300  ) ,  KK 1 .  KK2 ,  KR3  ,  LA.M  1 .  L.A.M2 
I NTEGER  M , N , P . Q , EOTEST 1 . EOTEST2 . MMAX . NMAX . HOT , V I B 
OPEN(5,FILE=’GALIN’  ) 

0PEN(6,E1UE=’EIGIN’  1 

(,' 

C  DEFINE  CONSTANTS 

K=5. 0/6.0 
PI  =  :3.  1415926535 
PI2=PI**2 
PI3=PI**3 
PI4=PI**4 
C 

C  READ  INPUT  DATA 

C  HIGHER  ORDER  THEORY,  VIBRATION,  AND  ROTATORY  INERTIA  FLAGS 

READ! 5,*)  HOT,VIB,ROT 
READ(5,»)  MMAX, NMAX 
READ(5,*)  A,B,H 

READ! 5 , * )  RHO , ET , R1 , K2 , KKl , KK2 , KK3 
READ(5,*)  A44,A45,A55 
READ! 5,*)  D44,D45,D55 
READ(5,*)  F44,F45,F55 
READ! 5,*)  D11,D12,D16,D22,D26,D66 
READ! 5 , * )  FI 1 , F12 , F16 , F22 , F26 , F66 
READO,*)  H11,H12,H16,H22,H26,H66 

INTRODUCE  SHEAR  CORRECTION  TERMS  (FOR  FIRST  ORDER  THEORIES) 
IF(HOT.EQ.l)  GOTO  5 
IF(Kl.EQ.O.O)  THEN 
SINGLE  COEFFICIENT 
Jt44=K*A44 
A55=K*A55 
ELSE 

DOUBLE  COEFFICIENT 
A44=K2*A44 
A55=K1»A55 
END  IF 

CALCULATE  ASPECT  RATIO,  SPAN-TO-DEPTH  RATIO,  AND  MASS  DENSITY 
R=A/B 
S=A/H 
Pl=RHO*H 

Pl=Pl/(32. 1740*12.0) 

C 

C  FORM  NESTED  LOOPS  TO  GENERATE  GALERKl N  TERMS 
1  =  1 
J=1 

DO  10  P=1,.MMAX 
DO  10  0=1, NMAX 
DO  20  M=1.MMAX 
DO  20  N=1,NMAX 
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PERFORM  INTEGRATION 

EOTESTl=MOD(M+P,2) 

EOTEST2=MOD(N+Q,2) 

IF(M.EQ.P)  THEN 
Fl=0.5 
F3=0.0 
F5=0.0 
ELSE 
F1=0.0 

IF(EOTESTl.EQ.O)  THEN 
F3=0.0 
F5=0.0 
ELSE 

F3=2.0*P/(PI»(P**2-M**2) ) 

F5=2.0*M/(PI»(M**2-P*»2) ) 

END  IF 
ENDIF 

IF(N.EO.Q)  THEN 
F2=0.5 
F4=0.0 
F6=0.0 
ELSE 
F2=0.0 

IF(EOTEST2.EQ.O)  THEN 
F4=0,0 
F6=0.0 
ELSE 

F4=2.0*Q/(PI*(Q*»2-N**2)) 

F6=2.0»N/(PI»(N»*2-Q»*2) ) 

ENDIF 
ENDIF 

C 

C  COMPUTE  STIFFNESS  TERMS 

C 

Al=Fl*F2*{S**2*M**2*PI2)*(-Dll+8./3.*Fll-16./9.*Hll)+Fl*F2*(S**2*R 
+**2*N**2*PI2)*(-D66+8./3.*F66-16./9.*H66)+Fl*F2»(S»*4)*(-A55+8.*D5 
+5-16.*F55)+F4*F5*(S»*2*R*M*N*PI2)*(-2.*D16+16./3.*F16-32./9.*H16)+ 
+  F4*{  l.-COS(M»PI )*COS(P*PI ) )*(S**2*R*N*PI )*( D16-4 . *F16+32 . / 9 . *H16 ) 

C 

B1=F1*F2*(S**2*R*M»N*PI2 )*{-D12+8. /3. *F12-D66+8 . /3. »F66-16. /9. *H12 
+-16./9.*H66)+F5»F4*(S**2*M**2*PI2)*(-D16+8./3.*F16-16./9.*H16)+F5* 
+F4*(S**4)*(-A45+8. *045-16. *F45)+F5*F4*(S**2»R**2*N**2*PI2)*(-D26+8 
+./3.*F26-16./9.*H26)+F4»{l.-COS(M*PI )*COS(P*PI ) )*(S**2*M*PI )*(D16- 
+4.*F16+32./9.*H16) 

C 

Cl=Fl*F2*{S*R»»2*M*N**2*PI3)*(4./3.*F12+8./3.*F66-16./9.*H12-32./9 
+  .*H66)  +  F1*F2*(S*M*»3*PI3)*(4./3.»F11-16./9.*H11 )  +  Fl*F2»(S*»3*M*PI  ) 
+*(-A55+8.*D55-16.*F55)+F5*F4»(S*R*M*«2*N*PI3)*(4.*F16-48./9.*H16)+ 
+F5*F4»(S*R**3*N**3*PI3)*(4./3.*F26-16./9.*H26)+F5»F4*(S**3*R*N*PI ) 
+*(-A45+8.*D45-16.*F45)+F4*( l.-COS(M*PI )*COS(P*PI ) )*(S*R*M»N*PI2 )*( 
+-8./3.*F16+64./9.*H16) 

C 

\2=Fl*F2*(S*»2*R*M*N*PI2)*(-Dl2+8./3.*F12-D66+4./3.»F26+8./3.*F66- 

+l6./9.*H12-16./9.*H66)+F3*F6*(S*»2*R**2*N**2*PI2)*(-D26+8./3.»F26 
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+-16./9.*H26)  +  F3*F6*(S»*2*M*«2«PIi:)*(-D16+«./3.<'F16-16./9.*H16)  +  F3* 
+F6*{S**4 )♦( -A45+8. *045-16. ♦F45 )+F3*( l.-C0S( N*PI )*C0S(Q*PI ))*(S**2* 
+R»N*PI )*( 026-4. *F26+32./9.*HV6) 

C 

B2=F1*F2*(S**2*R*«2*N**2*PI2 )*( -022+8. /3.*F22- 16. /9.*H22)+F1*F2*(S 
+**2«M**2*PI2)*( -066+8. /3.*F66-16./9.*H66)+Fl*F2*(S**4)*(-A44+8. *04 
+4-16.*F44 )+F3*F6*(S**2*R*M*\«P12 )*( -2.*026+4. »F26-32. /9. *H26)+F3*( 
+  l.-i:0S(N*PI  )*C0S(Q*PI  )  )*(S**2*M»P1  )*(  026-4  .  *F26  +  32 . /9 .  *H26  ) 

C 

C2=F1*F2*{S*R*M**2*N*PI3)*( 4./3.*F12+8./3.*F66-16. /9.*H12-32. /9.*H 
+66  )  +  Fl*F2*{S*R**3*N**3*PI3 )*( 4./3. *F22-16. /9. *H22 )  +  Fl»F2*(S**3*R*N 
+*PI )*(-A44+8.*044-16.*F44 )+F3*F6*(S*R**2*M*N**2*PI3 )*( 4.*F26-48./9 
+.*H26 )+F3*F6*{S*M**3*PI3)*{ 4 . /3 . *F16- 16 . /9 . *H16 ) +F3«F6* ( S**3*M*PI ) 
+*(-A45+8. *045-16. *F45)+F3*( l.-C0S(N*PI )*C0S(0*PI ) ) * ( S*R*M*N*PI 2 ) * ( 
+-8./3.*F26+64./9.*H26) 

f; 

A3=F1*F2*(S**3*M*PI ) * ( -A55+8. *055- 16 . *F55 ) +F1*F2* ( S*M**3*PI 3 ) * ( 4 . / 
+3.*F11-16./9.*H11 )+Fl*F2*{S*R**2*M*N**2*PI3)*(4./3.*F12-16./9.*H12 
++8./3.*F66-32./9.*H66)+F3*F4*(S**3*R*N*Pl ) * ( A45-8 . *045+ 16 . *F45 ) +F3 
+*F4*(S*R*M**2*N*PI3)*{-4.*F16+48./9.*H16)+F3*F4*(S*R**3*S**3*PI3)* 
+(-4./3.*F26+16./9.*H26) 

C 

B3=F1*F2*(S**3*R*N*PI )*( -A44+8. *044-16. *F44 ) +F1*F2*( S*R*M**2*N*PI 3 
+ )*(4./3.*F12-16./9.*H12+8./3.*F66-32./9.*H66)+Fl*F2*(S*R**3*N**3*P 
+I3)*(4./3.*F22-16./9.*H22)+F3*F4*(S**3*M*PI )*( A45-8. *045+16. *F45 )+ 
+F3*F4*(S*M**3*PI3)*(-4./3.*F16+16./9.*H16)+F3*F4*{S*R**2*M*N**2*PI 
+3)*(-4.*F26+48./9.*H26) 

C 

C3=F1*F2*(S**2*M**2*PI2)*(-A55+8.*D55-16.*F55)+F1*F2*(S**2*R*»2*N* 
+*2*PI2)*(-A44+8.*D44-16.*F44)+Fl*F2*(PI4)*(-16./9.*Hll*M**4-32./9. 
+*H12*R**2*M**2*N**2-l6./9.*H22*R**4*N**4-64./9. *H66*R**2*M**2*N**2 
+ )+F3*F4*(2.*S**2*R*M*N*PI2)*(A45-8.*D45+16.*F45)+F3*F4*(64./9.*PI4 
+ ) * ( H16*R*M**3*N+H26*R**3*M*N**3 ) 

STORE  STIFFNESS  TERMS  IN  ST  MATRIX 

ST( I ,J)=-A1 
ST( I,J+MMAX*NMAX)=-B1 
ST(I ,J+2*MMAX*NMAX)=-C1 
ST ( I +MMAX*NMAX , J ) =-A2 
ST ( I +MMAX»NMAX , J+MMAX*NMAX ) =-B2 
ST ( I +MMAX* NMAX , J + 2 ♦MMAX * NMAX ) = -C 2 
ST ( I +2*MMAX*NMAX , J ) =-A3 
ST { I + 2 *MMAX* NMAX , J +MMAX * NMAX ) =- B3 
ST  ( I + 2  »MMAX  *NMAX ,  J + 2  *MMAX  *  NMAX )  = -C  3 

COMPUTE  MASS/ INERT  I A  TER.MS 

IF(VlB.EQ.l)  THEN 
C  VIBRATION  MASS/INERTIA  TERMS 

IF(HOT.EQ.l)  THEN 
C  HIGHER  ORDER  THEORY 

LAM1=A**2*P1/(ET*H**3) 

X1  =  F1*F2*(17./315.  )*(S**2)*L.AM1 
V1=0.0 
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Zl  =  Fl*F2*(-4./;J15.  )*(S*M*PI  )*LAM1 

X2=0.0 

Y2  =  F1*F2*(  17./315.  ) ♦  ( S**2  ) *L.XM  1 
Z2=Fl*F2*(-4./315.  )*(S»R»S»PI  )«L.AM1 
X3=Fl*F2*(-4./315. )»(S*M*PI )*LAM1 
Y3  =  Fl*F2«(-4./315.  )*(3*R»N*PI  )*L.AM1 

Z3=F1*F2*(S**2  +  16./4032.*(M**2*PI2 )  +  16./4032.*(R**2*N»*2*PI2 )  ) 
+*LAM1 
ELSE 

r  FIRST  ORDER  THEORY 

Xl=ROT*Fl*F2*(A**4*Pl/( 12.*ET»H**3)  ) 

Y1=0.0 

Z1=0.0 

X2=0.G 

Y2=ROT*Fl*F2*(A**4*Pl/( 12.*ET*H**3)  ) 

Z2=0.0 

X3=0.0 

Y3=U.O 

Z3=F1*F2*(A*»4*P1/(ET*H*»4) ) 

END  IF 
ELSE 

C  BUCKLING  MASS/INERTIA  TERMS  (IDENTICAL  FOR  ALL  THEORIES) 

L. AM2=A**2/(ET»H**3) 

X1=0.0 

Y1=0.0 
Z1=0.0 
X2=0.0 
Y2=0.0 
Z2=0.0 
X 3=0.0 
Y3=0.0 

Z3=F1*F2*(KK1*M**2*PI2+R**2*KK2*N**2*PI2)*LAM2+F3*F4*(2.*R»KK3» 

>M*N*PI2)»L.AM2 

ENDIF 

C 

C  STORE  MASS/INERTIA  TERMS  IN  MA  MATRIX 

C 

MA( I,J)=X1 

M. A(I,J+MMAX*NMAX)=Y1 
MA(I ,J+2*MMAX*NMAX)=Z1 
MA(I+MMAX*NMAX,J)=X2 

MAI I+MMAX*NMAX,J+MMAX*NMAX)=Y2 
MAI  I +MMAX*NMAX , J+2»MMAX*NMAX ) =Z2 
MA 1 1 + 2 *MMAX* NMAX , J ) = X 3 
MA  1 1 +2*MMAX*NMAX ,  J +MM.AX*NMAX )  =  Y3 
MAI I+2»MMAX*NMAX,J+2*MMAX*NMAX)=Z3 
C 

J=J  +  1 

20  CONTINUE 

1  =  1  +  1 
J  =  1 

10  CONTINUE 

C 

C  WRITE  STIFFNESS  AND  MASS/ INERT  I A  MATRICIES  TO  A  FILE 

WRITE! 6,  15)  MMAX 
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45  F0RMAT(I2) 

DO  40  I  =  l.3*M.MAX*NMAX 
DO  40  J=i,3*MMAX*NMAX 
WRITE{6,50)  ST(I,J).MA{I,J) 
50  FORMAT(2E16.8) 

10  CONTINUE 

STOP 
END 
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c 
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i; 


c 


c 
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C 

c 


PROGR.AM  GALERKli 
CLAMPED  BOLN’DARIES 

DIMENSION  ST(300,300) 

REAL  K ,  K1 ,  K2  ,  MAI  300 , 300  ) ,  KKl ,  kK2  ,  KK3  ,  L.AMl ,  L.\M2 
[  NTEGER  M ,  N .  P ,  Q ,  EOTEST 1 ,  £0 rEST2 .  .'LMAX  .  NMAX  .  HOT ,  V I B 
CFEN(5.FILE=’GALIN’  ) 

OPEMb,FILE=’EIGIN’  ) 

DEFINE  CONSTANTS 
K=5 . 0/6 . 0 
PI=3. 1415926535 
PI2=P1«*2 
PI3=PI**3 
PI4=PI«*4 

READ  INPUT  DATA 

HIGHER  ORDER  THEORY.  VIBRATION,  AND  ROTATORY  INERTIA  FLAGS 
READI5,*)  HOT.VIB.ROT 
READ(5,»)  MMAX.NMAX 
READ! 5,*)  A.B.H 

READ! 5 . ♦ )  RHO, ET . K1 . K2 , KKl . KK2 , KK3 

READ(5,*)  A44,A45,A55 

READ(5,*)  D44,D45,D55 

READ! 5,*)  F44,F15,F55 

READ! 5,*)  D11,D12,D16,D22,D26,D66 

READ! 5,*)  F11,F12,F16,F22,F26,F66 

READ! 5,*)  Hll,H12,H16,H22,H26,H66 

INTRODUCE  SHEAR  CORRECTION  TERMS  (FOR  FIRST  ORDER  THEORIES) 
IF(HOT.EQ.l)  GOTO  5 
IFIKl.EQ.O.O)  THEN 
SINGLE  COEFFICIENT 
A44=K*A44 
A55=K*A55 
ELSE 

DOUBLE  COEFFICIENT 
A44=K2*A44 
A55=K1*A55 
ENDIF 

CALCULATE  ASPECT  RATIO,  SPAN-TO-DEPTH  RATIO,  AND  MASS  DENSITY 

R=A/B 

S=A/H 

Pl=RHO*H 

Pl=Pl/{32. 1740*12.0) 

FORM  NESTED  LOOPS  TO  GENERATE  GALERKIN  TERMS 
1  =  1 
J=1 

DO  10  P=1,MMAX 
DO  10  Q=1,NMAX 
DO  20  M=1,MMAX 
DO  20  N=1.NMAX 
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PERFORM  INTEGRATION 

E0TEST1=M0D(M+P,2) 

EOTEST2=MOD(N+Q,2) 

IF(M.EQ.P)  THEN 
Fl=0.5 
F3=0.0 
F5=G.O 

ELSE 

F1=0.0 

IF(EOTESTl.EQ.O)  THEN 
F3=0.0 
F5=a.O 
ELSE 

F3=2.0*P/(PI*{P**2-M**2)  ) 

F5=2.0*M/( PI*(M»*2-P»»2) ) 

END  IF 

END  IF 

IF(N.EO.O)  THEN 
F2=0.5 
F-1=0.0 
F6=0.0 

ELSE 

F2=0.0 

IF(EOTEST2.EQ.O)  THEN 
F4=0.0 
F6=0.0 
ELSE 

F4=2.0*Q/(PI*(Q**2-N**2)) 

F6=2.0*N/{PI*(N**2-Q**2) ) 

ENDIF 

ENDIF 

COMPUTE  STIFFNESS  TERMS 

A1=F1*F2*(S**2*M**2*PI2)*(-D11+8./3.*F11-16./9.*H11 )+Fl*F2*(S**2*R 
+**2*N»*2*PI2)»(-D66+8./3.*F66-16./9.*H66)+F1*F2*(S»*4)»(-A55+8.*D5 
+5-16.«F55)+F3»F4*(S*»2*R*M*N*PI2)*(2.*D16-16./3.*F16+32./9.*H16) 

Bl=F3»F4*(S*»2»B»M»N*PI2)*(+D12-8./3.*F12+D66-8./3.*F66+16./9.*H12 

++16./9.»H66)+F1*F2*(S**2*M**2*PI2)*(-D16+8./3.*F16-16./9.*H16)+F1* 

+F2*(S**4)»{-A45+8.*D45-16.*F45)+Fl*F2*(S**2»R**2*N**2*PI2)*(-D26+8 

+./3.*F26-16./9.*H26) 

C1=F3»F2*(S*M*»3*PI3)*(4./3.*F11-16./9.*H11)+F3*F2*(S*R**2*M*N**2* 
+PI3)*(4./3.»F12+8./3.*F66-16./9.*H12-32./9.*H66)+F3*F2*(S**3«M»PI ) 
+*(-A55+8.«D55-16.*F55)+F1*F4«(S*R*M**2*N*PI3)*(4.*F16-48./9.*H16)+ 
+F1*F4*(S*R**3*N**3*PI3)*(4./3.*F26-16./9.*H26)+F1*F4*{S**3*R*N=»PI ) 
+*(-A45+8.*D45-16.*F45) 

A2=F3*F4*(S**2*R*M*N*PI2 )*(+D12-8./3.*F12+D66-4./3.*F26-8./3.*F66+ 
+16./9.*H12+16./9.*H66)+FI*F2*(S**2*R**2*N**2*PI2)*(-D26+8./3.*F26- 
+ltj./9.*H26)+Fl*F2*(S**4)*<-A45+8.»D45-16.*F45)+Fl*F2*(S**2*M**2*PI 
+2)*( -D18+8./3.*F16-16./9.*H16) 
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B2  =  F3*F4*{S**2*R*M*N»PI2)«(2.«D26-4.*F26+32./9.»H26  )  +  Fl*F2*(S**2*R 
+*«2*N»*2*PI2 )*(-D22+8./3.«F22-16./9. *H22 )+Fl*F2*(S«»2*M»*2*PI2 )*(- 
+D66+8./3.*F66-16./9.*H66)+Fl*F2*(S**4 ) * ( -A44+8 . *D44- 16 . *F44 ) 

C 

C2=F1*F4*(S*R*M**2*N*PI3)*( 4./3.*F12+8./3.*F66-16./9.»H12-32./9.*H 
+66 )+Fl*F4»{S»R*»3»N»»3*P[3 )*(4. /3.*F22-16. /9.*H22 )+Fl*F4»(S*»3*R*N 
+*PI )»(-A44+8.*D44-16.*F44 )+F3*F2*(S*R**2*M*N**2*PI3)*(4.*F26-48./9 
+.*H26)+F3«F2*(S»M**3»PI3)»{4,/3.*F16-16./9.*H16)+F3*F2»(S**3*M»PI ) 
+«(-A45+8.*D45-16.»F45 1 

C 

A3=F3*F2*(S**3*M»PI )«{ A55-8 . »D55+16 . *F55 )+F3*F2* ( S*M**3»PI 3 ) * ( -4 . / 
+3.*F11+16./9.*H11 )+F3*F2*(S*R**2*M«N»»2*PI3)*(-4./3.*F12+16./9.»Hl 
+2-8./3.«F66+32./9.*H66)+Fl*F4*(S»»3*R*N*PI ) » ( A45-8 . *045+ 16 . *F45 ) +F 
+  l*F4*(S*R*M**2*N*PI3)*(-4.»F16+48./9.*H16)  +  Fl*F!*(S*R**3*N'**3*PI3) 
+*(-4./3.*F26+16./9.*H26) 

C 

B3=F1*F4*{S**3*R*S*PI ) * ( +A44-8. *044+ 16. *F44 )+Fl*F4* ( S*R*M**2*N*PI 3 
+)*{-4./3.*F12+16./9.*H12-8./3.*F66+32./9.*H66)+Fl*F4*(S*R**3*N**3* 
+PI3)*(-4./3.*F22+16./9.*H22)+F3*F2*(S**3*M*PI )*(A45-8. *045+16. *F45 
+)+F3*F2*(S*M**3*PI3)*(-4./3.*F16+16./9.*H16)+F3*F2*(S*R**2*M*N**2* 
+PI3)*(-4.*F26+48./9.*H26) 

C 

C3=F1*F2* (S**2*M**2*PI2)*(-A55+8. *055-16. *F55)+F1*F2*{S**2*R**2*N* 
+*2*PI2)*(-A44+8.*D44-16.*F44)+Fl*F2*(PI4)*(-16./9.*Hll*M**4-32./9. 
+*H12*R**2*M**2*N**2-16./9.*H22*R**4*N**4-64./9.*H66*R**2*M**2*N**2 
+)+F3*F4*(2.*S**2*R*M*N*PI2)*(A45-8.*D45+16.*F45)+F3*F4*(64./9.*PI4 
+ ) ♦ ( H16*R*M**3*N+H26*R**3*M*N**3 ) 

STORE  STIFFNESS  TERMS  IN  ST  MATRIX 

ST(I,J)=-A1 
ST( I ,J+MMAX*NMAX)=-B1 
ST( I , J+2*MMAX*NMAX)=-C1 
ST{I+MMAX*NMAX,J)s-A2 
ST( I+MMAX*NMAX, J+MMAX*NMAX)=-B2 
ST ( I +MMAX*NMAX , J+2*MMAX*NMAX ) =-C2 
ST( I+2*MMAX*NMAX,J)=-A3 
ST( I+2*MMAX*NMAX, J+MMAX*NMAX)=-B3 
ST ( I +2*MMAX*NMAX , J+2»MMAX*NMAX ) =-C3 

COMPUTE  MASS/ INERT I A  TERMS 

IF(VIB.EQ.l)  THEN 
C  VIBRATION  MASS/INERTIA  TERMS 

IFIHOT.EQ.I)  THEN 
C  HIGHER  ORDER  THEORY 

LAMl=A**2*Pl/( ET*H**3 ) 

X1=F1*F2*(17./315. )*IS**2)*LAM1 
Y1=0.0 

Zl=F3*F2*(-4./315. )*{S*M*PI )*LAM1 
X2=0.0 

Y2=F1*F2*( 17./315. )*{S**2 )*LAM1 
Z2=Fl*F4*(-4./315. )*(S»R*N*PI )*LAM1 
X3=F3*F2*(4./315. )*{S*M*PI )*LAM1 
V3=F1*F4*(4./315. )*(S*R*N*PI )*LAM1 
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non 


Z:J-F1*F2*(S*»2+16./4032.»(M**2»PI2  )  +  16.  /10:J2.  «(  R**2*N**2*PI  2  )  ) 
+*L.AM1 
ELSE 

C  FIRST  ORDER  THEORY 

Xl=ROT*Fl*F2*(  A**4<'Pl/  (  12 .  *ET*H**:3 )  ) 

Y  1=0.0 
Z1=0.0 
X2=0.0 

Y2=ROT*Fl*F2*{A**4*Pl/( 12.*ET*H**3  )  ) 

Z2=0.0 

X3=0.0 

Y3=0.0 

Z3=F1*F2*(A««4»P1/(ET*H**4) ) 

END  IF 
ELSE 

C  BUCKLING  MASS/INERTIA  TERMS  (IDENTICAL  FOR  ALL  THEORIES) 

LAM2=A«»2/(ET»H*«3) 

X1=0.0 

Y1=0.0 

Z1=0.0 

X2=0.0 

Y2=0.0 

Z2=0.0 

X3=0.0 

Y3=0.0 

Z3=F1*F2»(RK1*M*»2*PI2+R**2*KK2*N*»2*PI2)»L.AM2+F3*F4*(2.*R»KK3* 
+M*N*PI2)*LAM2 
ENDIF 

STORE  M.ASS/INERTIA  TERMS  IN  MA  MATRIX 
MA(I,J)=X1 

MAI  I ,J+MMAX*NMAX)=Y1 
MAI  I ,J  +  2*MMAX*NMAX)=Z1 
MAI I+MMAX*NMAX,J)=X2 
MAI  I  +.MMAX»NMAX ,  J+MMAX*NMAX  )=Y2 
M A  (  I  +  MMA X  ♦  NMAX ,  J + 2  ♦MMAX  ♦  NMAX  > = Z  2 
MAI I+2*MMAX*NMAX,J)=X3 
MAI  I +2<‘MMAX»NMAX ,  J+MMAX*NMAX )  =Y3 
MAI  I +2»MMAX*NMAX , J+2*MMAX*NMAX ) =Z3 
C 

J=J+1 

20  CONTINUE 

1  =  1  +  1 
J=1 

10  CONTINUE 

C 

C  WRITE  STIFFNESS  AND  MASS/INERTIA  .MATRICIES  TO  A  FILE 

WRITE! 6, 45)  MMAX 
45  FOR.MAT(I2) 

DO  40  I=1,3*MMAX*NMAX 
DO  40  J=1,3»MMAX*NMAX 
WRITE(6,50)  ST(I,J),MA(I,J) 

50  FORMAT! 2E 16. 8) 

40  CONTINUE 
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STOP 

END 
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PROGR.\M  GALERK3 

C  CLAMPED  -  SIMPLY  SLPPORfEU  BOLNDARIES 
DIMENSION  ST(300.300) 

REAL  K .  K1 ,  K2 ,  MAI  300 , 300  ) .  kkl ,  kk2 ,  kk3 .  LAMl .  L.A.M2 
INTEGER  M , N . P . Q , EOTEST 1 . EOTEST2 . MM AX . NMAX , HOT , V  I B 
UPEN(5,FILE=’GALIN’ ) 

0PEN(6.F1LE=’EIGIN’ ) 

( ' 

C  DEFINE  CONSTANTS 

k=5.U/6.0 
PI  =  :3.  1115926533 
PI2=PI**2 
PI3=PI**3 
P14=P1**4 
C 

C  READ  INPUT  DATA 

C  HIGHER  ORDER  THEORY,  VIBRATION,  AND  ROTATORY  INERTIA  FLAGS 

READ! 5,*)  HOT, VI B, ROT 
READ! 5,*)  MMAX,NMAX 
READ(5,*)  A,B,H 

READ ( 5 , * )  RHO , ET , k 1 , k2 , kkl , kk2 . kK3 
READ(5,*)  A44,A45,A55 
READ! 5,*)  D44,D45,D55 
READ(5,*)  F44,F45,F55 
READ(5,»)  D11,D12.D16,D22,D26,D66 
READ! 5,*)  F11,F12,F16,F22,F26,F66 
READIS,*)  H11,H12,H16,H22,H26,H66 
C 

C  INTRODUCE  SHEAR  CORRECTION  TERMS  (FOR  FIRST  ORDER  THEORIES) 

IF(HOT.EQ.l)  GOTO  5 
IF(kl.EQ.O.O)  THEN 
C  SINGLE  COEFFICIENT 

A44=K»A44 
A55=k*A55 
ELSE 

C  DOUBLE  COEFFICIENT 

A44=k2*A44 
A55=K1*A55 
ENDIF 

C 

C  CALCULATE  ASPECT  RATIO,  SPAN-TO-DEPTH  RATIO,  AND  MASS  DENSITY 

5  R=A/B 

S=A/H 
Pl=RHO*H 

Pl=Pl/(32. 1740*12.0) 

C 

C  FORM  NESTED  LOOPS  TO  GENERATE  GALERkIN  TERMS 

1  =  1 
J  =  1 

DO  10  P=1,MMAX 
DO  10  Q=1,NMAX 
DO  20  M=1,MMAX 
DO  20  N=1,NMAX 

C  PERFORM  INTEGRATION 
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E0TEST1=M0D{M+P,2) 

FOTEST2=MOD(N+Q.2) 

IF(M.EQ.P)  THEN 
Fl=0.5 
F3=0.0 
F5=0.0 
ELSE 
F1=0.0 

IF(EOTESTl.EQ.O)  THEN 
F3=O.U 
F5=0.0 
ELSE 

F3=2.0*P/( PI*( P**2-M*»2) ) 

F5  =  2.0*M/( PI*(M**2-P**2 )  I 
ENDIF 
END  IF 

IF(N.EQ.Q)  THEN 
F2=0.5 
F4=0.0 
F6=0.0 
ELSE 
F2=0.0 

IF(EOTEST2.EQ.O)  THEN 
F4=0.0 
F6=0.0 
ELSE 

F4=2.0*(3/(PI*(Q**2-N**2) ) 

F6=2.0*N/(PI*(N**2-Q«*2) ) 

ENDIF 

ENDIF 

C 

C  COMPUTE  STIFFNESS  TERMS 

AI=Fl»F2*(S**2*M**2*PI2)*(-Dll+8./3.*Fll-16./9.*Hll )+Fl*F2*(S**2*R 
+**2*N**2*PI2)*(-D66+8./3.*F66-16./9.»H66)  +  Fl*F2*(S**4  ) * ( - A55+8 . »D5 
+5-I6.*F55)+F3*F4»(S**2*R*M*N*PI2)*(2.*D16-16./3.*F16+32./9.»H16) 

fj 

BI=F3«F2*(S**2*R*M4‘N*PI2)*(-D12+8./3.»F12-D66+8./3.*F66-16./9.*H12 

+-16./9.*H66)+Fl*F4*(S**2*M»*2*PI2)*(-Dl6+8./3.*F16-l6./9.*H16)+Fl* 

+F4*(S*»4)*(-A45+8.*D45-16.*F45)+Fl*F4*(S**2«R**2*N**2»PI2)*(-D26+8 

+./3.*F26-16./9.*H26) 

C 

C1=F3*F2*(S*M**3*PI3)*(4./3.»F11-16./9.*H11)+F3*F2*(S*R**2»M*N**2* 
+  PI3)«{4./3.*F12+8./3.*F66-16./9.*H12-32./9.*H66)  +  F3»F2»(S**3*M*PI  ) 
+*(-A55+8.»D55-16.*F55)+Fl*F4*(S*R»M»*2*N*PI3)*(4.*F16-48./9.*H16)+ 
+  F1*F4*(S*R**3*N**3»PI3)*{4./3.*F26-16./9.»H26)  +  F1*F4*(S**3*R*N»PI  ) 
+*{-A45+8. *045-16. *F45) 

<; 

A2=F3*F2*I S**2*R*M*N*PI2 )*( +D12-8. /3. *F12+D66-4 . /3 . *F26-8 . /3 . *F66+ 
+lb./9.*H12+16./9.*H66)+Fl*F6*(S**2*R*»2*N**2*PI2)*(-D26+8./3.*F26- 
+16./9.*H26)+F1*F6*(S**4)*(-A45+8.*D45-16.*F45)+F1*F6*(S*»2*M**2*PI 
+2)*(-Dlb+8./3.*F16-16./9.*H16)+Fl*( l.-COS(N*PI )*COS(Q*PI ) )*(S**2»R 
+*N*PI )*(D26- I.*F26+32./9.*H26) 

C 

B2=FI*F2*(S**2*R**2*N**2*PI2)*(-D22+8. /3.*F22-16./9.*H22 )+Fl*F2*(S 
)*(  -D66+8./3.*F66-lb./9.*H66  )  +  Fl*F2*(  S**4  )♦(  -A4  1+8.  *Ii  t 
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+  4-16.  *F-}4  )+F3«F6*(S»*2*R*M*N^PI2  )*{-2.*D^6+4,  *F:;;6-J2.  /y.  «Hi;6  )+FJ*( 
+  l.-(:OS(N*Pl  1*C0S(Q*PI  I  )»(S*«2*M*PI  !  *  (  D26- 4 .  *F26+32 . /9 .  *H26  ) 

C 

C2=F1«F2«(S*R*M**2*N*PI J)*( 4./3.*F12+8. /3.*F66-16./y. *H12-32. /9.»H 
+66 )+Fl»F2*(S*R**3*N*«3*PI3)»( 4. /3. »F22-16. /9. *H22 )+Fl»F2*( S**3*R»S 
+*PI )*( -444+8. «D44-16.*F44 )+F3»F6*(S*R»*2*M*N**2»Pl 3 i * ( 4 . *F26- 48 . /9 
+  .  «H26  )+F3»F6»(S**3*M»PI  )*(  -  A4.)+8.  »D4  5-16.  *F45  ) +F3*F6* (  S*M**3*PI  3  ) * 
+  (  4./3.*F16-16./9.*H16)+F3*( l.-COS(N»PI )*COS(Q»P[  )  ) * ( S*R*M*N«PI 2 ) * ( 
i--8./3.»F26  +  64./9.»H26) 

i ' 

\3=F3«F2*(S**3*M*P1 )» ( +A55-8 . *D55+ 16 . *F55 ) +F3*F2* ( S*M**3*P[ 3 ) * ( -4 . 
+/3. *F11+16. /9.*H11 )+F3*F2«(S*R««2*M*N**2*PI3)*( -4. /3.*F12+16. /9. »H 
+  12-8.  /3.*F66  +  32./9.*H66)  +  Fl«F4*(S**3*R*N*Pl ) * { A45-8 . *D45+ 16 . ♦F45 )  + 
+F1*F4*(S«R*M**2*N*PI3)*(-4.«F16+48./9.»H16)+F1*F4*(S*R**3*N*»3»PI3 
+)*(-4./3.*F26+16./9.*H26) 

C 

B3=F1*F2«(S**3»R*S*PI )«( -A44+8 . »D44-16 . *F44 ) +F1*F2* ( S*R*M»*2*N*PI 3 
+)*(4./3.*F12-16./9.*H12+8./3,*F66-32./9.*H66)+Fl*F2*(S*R**3»N»*3»P 
+I3)*(4./3.»F22-16./9.*H22)+F3*F4*(S*M«*3»PI3)*(-4./3.*F16+16./9.*H 
+16 )+F3»F4*(S**3*M*PI )»{ A45-8 . *045+ 16 . »F45 ) +F3*F4* ( S*R*»2*M*N**2*PI 
+3j«(-4.*F26+48./9.*H26) 

i; 

C3=F1*F2*(S**2*M**2*PI2)*(-A55+8.*D55-16.*F55)+F1*F2*(S**2*R**2*N* 
+*2*PI2)*(-A44+8.*D44-16.*F44)+Fl*F2*(R**2*M**2*N**2*P[4)*(-32./9.* 
+H12-64./9.*H66)+Fl*F2*PI4*(-16./y.*Hll*M*»4-16./9.*H22*R**4*N**4 )+ 
+F3*F4*(2.*S**2*R»M*N*PI2)*(A45-8.*D15+16.*F45)+F3*F4*PI4*(64./9.*H 
+  16*R*M**3*.V+64 .  /9 .  *H26*R**3*M*N**3  ) 

C 

C  STORE  STIFFNESS  TERMS  IN  ST  MATRI.X 
ST(I,J)=-A1 
ST( I ,J+MMAX*NMAX)=-B1 
ST(  I  ,J  +  2*M.MAX*NMAX)=-C1 
ST(  I+MMAX*NMAX,J)=-.A2 
ST ( I +MMAX*NMAX , J+MMAX*NMAX ) =-B2 
ST(  I+.'1.MAX*NMAX,J+2*MMAX*NMAX)=-C2 
ST ( I +2*MMAX*NMAX , J ) =-A3 
ST ( [ +2*MMAX*NMAX , J+MMAX*NMAX ) =-B3 
ST( I+2*MMAX*NMAX,J+2*MMAX*NMAX)=-C3 

C 

C  COMPUTE  MASS/ INERTIA  TERMS 
IF(VIB.EQ.l)  THEN 

C  VIBRATION  MASS/INERTIA  TER.MS 

IF(HOT.EQ.l)  THEN 

C  HIGHER  ORDER  THEORY 

LAMl=A**2*Pl/( ET*H**3 ) 

X1=F1*F2»(17./315. )*(S**2)*LAM1 
Y1=0.0 

Zl=F3*F2*(-4./315. )*(S*M*PI )*LAM1 
X2=0.0 

Y2=F1*F2*(  17./315. )*( S**2 ) *LVM1 
Z2=Fl*F2*(-4./315. )*{S*R»N*PI )*LAM1 
X3=F3*F2*(4./315.  )*(S*M*PI  )*L.AM1 
V3=Fl*F2*(-4./315. )*(S*R*N*PI )*LAM1 

Z3=F1*F2*(S*»2+16./4032.*(M*»2*PI2 )+16./4032. *(R**2*N*»2*P12 !  > 
+*LAM1 
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ELSE 

C  FIRST  ORDER  THEORY 

Xl=ROT*Fl*F2*(  A**4*Pl/(  12 .  *ET*H**:3 )  ) 

Y1=0.0 

Zl=0.0 

X2=0.0 

Y2=ROT*Fl*F2*(A**4*Pl/( 12.*ET»H**3  )  ) 

Z2=0.0 

X3=0.0 

Y3=0.0 

Z3=F1*F2*(A**4*P1/(ET*H**4)  ) 

ENDIF 

ELSE 

C  BUCKLING  MASS/INERTIA  TERMS  (IDENTICAL  FOR  ALL  THEORIES) 

LAM2=A*»2/(ET*H*»3) 

X1=0.0 

Y1=0.0 

Z1=0.0 

X2=0.0 

Y2=0.0 

Z2=0.0 

X3=0.0 

Y3=0.0 

Z3=F1*F2*{KK1*M**2*PI2+R*»2*KK2*N**2*PI2)*LAM2  +  F3*F4»(2.*R*KK3<' 
+M«N«PI2)*LAM2 
ENDIF 

C 

C  STORE  MASS/INERTIA  TERMS  IN  MA  MATRIX 
MA(I,J)=X1 

MA( I ,J+MMAX*NMAX)=Y1 
MA(I,J+2»MMAX*NMAX)=Z1 
MA( I+MMAX*NMAX,J)=X2 
MAI  I +MMAX*NMAX , J+MMAX«NMAX )=Y2 
MAI I+MMAX*NMAX,J+2*MMAX*NMAX)=Z2 
MAI I+2*MMAX*NMAX,J)=X3 
MA I  I +2*MMAX*NMAX , J+MMAX*NMAX ) =Y3 
MA 1 1 + 2*MMAX*NMAX , J + 2 *MMAX*NMAX ) = Z 3 
C 

J=J+1 

20  CONTINUE 

1  =  1  +  1 
J=1 

10  CONTINUE 

C 

C  WRITE  STIFFNESS  AND  MASS/INERTIA  MATRICIES  TO  A  FILE 

WRITE! 6, 45)  MMAX 
45  FORMAT! 12) 

DO  40  I=1,3*MMAX*NMAX 
DO  40  J=1,3*MMAX*NMAX 
WRITE(6,50)  ST(I,J),MAII,J) 

50  FORMAT! 2E16. 8) 

40  CONTINUE 

STOP 
END 


192 


Appendix  C 
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PROGR.VM  EIGEN 

REAL  MA( 300 , 300 ) , RWKSPI 300000 ) 

DIMENSION  ST( 300. 300 ) ,A(yOOOO) .B(yOOOO) .BETA! 300) 
COMPLEX  ALPHA! 300 ) . EVAL( 300  ) . EVEC( 300 . 300  ) 

INTEGER  ! .J.MMAX.N.LDA.LDB.LDEVEC 
EXTERNAL  GVCRG.GPIRG 
COMMON /WORKS P/  RWKSP 
CALL  1WKIN( 300000) 

(  ' 

0PEN'(5,FILE=’EIGIN’  ) 

OPEN! 7,FILE=’EIG0LT’  ) 

C 

c  LOAD  STIFFNESS  AND  MASS/ISERTIA  MATRICIES 

READ (5, 5)  MMAX 
5  FORMAT (12) 

N=3*MMAX*MMAX 

(  ' 

K=1 

DO  10  I=1.N 
DO  10  J=1,N 

READ(5,»)  ST(J,I ),MA{J,I  ) 

A(K)=ST( J. I  ) 

B(K)=MA( J.I  ) 

K=K+1 

10  CONTINUE 

C 

LDA=N 

LDB=N 

LDEVECsN 

C 

C  COMPUTE  EIGENVALUES  AND  EIGENVECTORS 

CALL  GVCRG(N,A,LDA,B,LDB,ALPHA,BETA,EVEC,LDEVEC) 

C 

C  COMPUTE  PERFORMANCE  INDEX 

P I =GP I RG { N , N , A , LDA . B , LDB , ALPHA , BETA , E VEC , LDE VEC ) 

C 

C  PRINT  RESULTS 

WRITE(7,80)  PI 

80  FORMAT! ’PERFORMANCE  INDEX  =  ’,F10.3) 

DO  40  1=1, N 

IF  (BETA(I).NE.O.O)  THEN 
EVAL( I )= ALPHA! I )/BETA! I ) 

ELSE 

C  INFINITE  EIGENVALUE 

EVAL!I)=AMACH!2) 

ENDIF 

C 

WRITE!?, 50)  I,EVAL!I) 

50  FORMAT! ’EVAL! ’ , 13, ’ )  =  ’ , E16. 8 , 5X , E16. 8  ) 

40  CONTINUE 

C 

C  DO  60  1=1, N 

C  DO  60  J=1,N 

C  WRITE!?, 70)  I,J,EVEC(I,J) 

70  FORMAT! 'EVEC! ’ , 1 3 , IX , 1 3. ’ )  =  ’ , E16. 8 , 5X , E16. 8  ) 
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60  CONTINLE 
STOP 
END 
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